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CN , Abstract. This paper discussed the existence and uniqueness of the smoothing solution of 

the Navier-Stokes equations. At first, we construct the theory of the linear equations which 
is about the unknown four variables functions with constant coefficients. Secondly, we use 
this theory to convert the Navier-Stokes equations into the simultaneous of the first order 
linear partial differential equations with constant coefficients and the quadratic equations. 
p ^ Thirdly, we use the Fourier transformation to convert the first order linear partial differential 

equations with constant coefficients into the linear equations, and we get the explicit general 
solution of it. At last, we convert the quadratic equations into the integral equations or 
the question to find the fixed-point of a continuous mapping. We use the theories about 
the Poisson equation, the heat-conduct equation, the Schauder fixed-point theorem and the 
contraction mapping principle to prove that the fixed-point is exist and unique except a set 
whose Lebesgue measure is , hence the smoothing solution of the Navier-Stokes equations 
■ is also exist and unique except a set whose Lebesgue measure is . 
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1 Introduction 

We consider the dynamical equations for an viscous and incompressible fluid just as follows. 

divu = (1.1) 

du du 1 

— - pAu+) u k - h-gradp = F (1.2) 

dt dx k p 

where u = (u\, us) is the velocity vector, it is the macro motion velocity of the material particle. 
fjL is the dynamic viscosity coefficient, we assume it is a constant, p is the density of the material 
particle, it is the mass of per volume fluid. Because the fluid is incompressible, we can assume p 
is a constant, too. p is intensity of the pressure, it is the pressure on per area fluid, the direction 
is perpendicular to such area. F = (Fi, F2, F3) is the density of the body force, it is the external 
force of per unit mass, u = (u\, u?, U3) and p, F are all functions on the variables of the time t 

1 

and position x = (x\, X2, £3) • We assume r = - , r is called the specific volume of the fluid, it is 

P 

just the volume of per unit mass. These equations are the second order partial differential equations 
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about four unknown functions: u = (u x , u 2 , u 3 ) , p , and they are completed. These equations are 
called the Navier-Stokes equations. In order to discuss it more conveniently, we often rewrite the 
Navier-Stokes equations as follows. 

du\ duo du 3 

^+^+^ = (1.3) 
ax\ 0x2 0x3 

duj d 2 Uj d 2 Uj d 2 Uj JL, duj dp 

^-^ + W + ^ )+ §"^ +T ^ = ^ = 1,2 ' 3 ' (L4) 

And we assume as follows. 

Assumption 1.1 (l)We only discuss the Navier-Stokes equations on the region as follows, 

i G [0, T], T is given, (x x , X2, x 3 ) T £ K x , K\ is a bounded and closed set in R 3 , and when t is 

not in [0, T], or (x x , X2, x 3 ) T is not in K\ , Uj = , p = , Fj = , j = 1 , 2 , 3 . 

(2) On the region K[ = [0, T] x K x , uj E C 2 , p E C 1 , Fj E C 1 , j = 1 , 2 , 3 . 

(3) The boundary of K\ , dK\ satisfies the exterior ball condition, V (x\, X2, xs) T E dK\ , there exists 
a ball B p (y) C R 3 \K^ , such that B p (y) n K x = (xi, x 2 , x 3 ) T , where y = (y x , y 2 , y 3 ) T , B p (y) = 
{z E R 3 \ \z — y\ < p , p > 0} , K x is the interior of K x . 

We will show that on the region K[ the smoothing solution of the Navier-Stokes equations is exist 
and unique except a set whose Lebesgue measure is . 



2 Main conclusion 

Theorem 2.1 We consider the linear equations as follows. 

AX = 13 , 

where A = (aij) mxs E R mxs is a constant matrix, 

X=(X x (x x , x 2 , x 3 , t), X 2 (x x , x 2 , x 3 , t), ••• , X s (x x , x 2 , x 3 , t)) T 

is the unknown s dimensional four variables functional vector, 

P=(b x {x x , x 2 , x 3 , t), b 2 (x x , x 2 , x 3 , t), ••• , b m (x x , x 2 , x 3 , t)) T 

is the known m dimensional four variables functional vector. 
We can get the following conclusions. 

(1) A necessary and sufficient condition for the existence of the solution of this equations is 

V (x x , X2, x 3 , t) T E R 4 , rank(A, f3(x x , x 2 , x 3 , t)) = rank (A) , 
where (3(x x , x 2 , x 3 , t) is the value of (3 , when (x x , x 2 , x 3 , t) T is given. 

(2) If the solution of this equations is exist, rank(A) = r, r < s , Xq is a particular solution of this 
equations, and the constant linearly independent solutions of the equations AX = are 

r\x , m , r/ s _ r , 

we denote 

Mv) = [m 5 Vs-r] , 

then its general solution can be expressed as 

X = X + A{rj)Z x , 

where Z\ is the arbitrary s — r dimensional four variables functional vector. 
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Theorem 2.2 If u\, u 2 , u 3 G C 2 , p G C 1 , -Fi, -F 2 , i 7 ^ G C 1 , i/ie Navier-Stokes equations can be 
converted into the simultaneous of the first order linear partial differential equations with constant 
coefficients and the quadratic equations, just as the following. 



d{HZ + h) 
di 

d{HZ + h) 



H Z + h 

HiZ , i = 1, 2, 3. 



eJ 7 Z 

e 50 Z 
e 53 Z 



(<$Z)(-a%Z), eJ 8 Z = (e^Z)(eJZ), eJ 9 Z = (e^Z^Z), 
{elZ){e\Z\ elZ = (eJZ)(eJZ), e\ 2 Z = (e T u Z)(el Z), 
{eiZ){e\Z\ elZ = (eJZ)(e^Z), e? 5 Z = (e^Z^Z) , 



(2.1) 



(2.2) 



where 



H -- 
H 
Hi 
H 2 
H 3 
a\ - 
a 2 : 
a 3 -- 

OL\ - 



(-«!, -a 2 , -a 3 , -a-4, ei, e 2 , e 3 , e 4 , e 5 , e 6 , e 7 , e 8 , e 9 , e w , en, ei 6 ) T , 

= (e2i, ei 7 , e 2 7, e 37 , e 22 , e 23 , -a 2 , e 3 i, e 32 , e 33 , -a 3 , e 4 i, e 42 , e 43 , -a 4 , e i2 ) T 

= (eis, e 2 i, e 3 i, e 4 i, e 24 , e 2 5, — ai, e 2 s, e 34 , e 3 5, e 4 , e 3 s, e 44 , e 4 5, es, ei 3 ) T , 

= (e 24 , e 22 , e 32 , e 42 , eig, e 2 6, ei, e 34 , e 2 g, e 3 6, es, e 44 , e 3 g, e 4 6, eg, ei 4 ) T , 

= (e 2 5, e 23 , e 33 , e 43 , e 2 6, e 2 o, e 2 , e 3 5, e 3 6, e 3 o, e§, e 4 5, e 4 6, e 4 o, eio, eis) T , 

(o 4 , 1, o 4 , 1, 0, 0, 0, 0, 0, 0, 39 ) T , 

: (0l 2 , T, 4 , ~H, 
(0l 3 , T, 0l 3 , -fj,, 
(0l 4 , T, 22 , -/i, 



-/X, -fJL, 26 , 1, 1, 1, 6 ) J 



-(J,, 
-/'■■ 



-H, O19, 1, 1, 1, 3 ) J 



-A*, On, 0, 1, 1, 1) 



andei is the ith 55 dimensional unit coordinate vector, 1 < i < 55 , ho = (Oq, F±, 3 , F 2 , 3 , F 3 , 0) T , 
h = (0, F 2 , F 3 , 0i 2 ) T , Z is an unknown 55 dimensional functional vector. Moreover 

(e 3 , e 7 , en, ei 6 ) T ^ = (ui, u 2 , u 3 , p) T 

is the solution of the Navier-Stokes equations. 

Theorem 2.3 We consider the first order linear partial differential equations with constant coef- 
ficients and the quadratic equations in the theorem 2.2, moreover when t is not in [0, T] , or 
{x\, x 2 , x 3 ) is not in K\ , Z = , then we can get the following conclusions. 
(l)We can use the Fourier transformation to convert (2.1) into the linear equations as follows. 



( m H -H \ 
i&H - ffi 
i&H - H 2 
\ i&H -H 3 J 



F(Z) 



( F(ho) - i£ F{h) \ 
-%iF(h) 
-i&F(h) 



(2.3) 



where 



F{Z)= [ Ze- i ^ t - i ^=^dtdx x dx 2 dx 3 , 
Jr* 

F{h)= [ he-^ ot - i ^^dtdx 1 dx 2 dx 3 , 
F(h )= [ hoe-^-^U^dtdx^dxs . 

JR 1 

We can get the explicit general solution of it, 

F(Z) = Y 1 + A 1 (t 1 )Z 1 ,orZ = F' l {Y l + A 1 {r j )Z 1 ) 
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where 

Y\ = (i&V3, i&V3, 2/3, i€iV7, i&V7, i^3V7, V7, i£iVii, i&yn, i&Vii, Vn, 

i£oyi6, *Ciyi6) ^22/16, i&yi6, yie, (^o) 2 y3, (*£i) 2 y3, {i&fy-i, («6) 2 y3, i^Cm, 
^0^62/3, «£o*£32/3, «'Ci*6y3, «'f 1*62/3, «6*62/3, (i£o) 2 y7, (^i) 2 i/7, (^6) 2 y7, {i&) 2 y7, 

i£oi€iV7, i£oi&y7, ^0^32/7, ^1^22/7, ^1^32/7, ^2^32/7, (^o) 2 2/n, (^i) 2 2/ii, («6) 2 2/n, 



(i6) 2 2/n, *£o*£iyn, ^o*6yn, ^o^32/ii, i&i&yn, ^i^32/ii, ^2^32/n, 0g xl ) T , 



and 



2/3 = 


i£i(t&F(Fi) + i^ 2 F(iib) + i&F(F 3 )) 


F(Fi) 


a 2 or 


ar 


2/7 = 


i6Ki^(^i) + *&f(f 2 ) + ^(^3)) 




a 2 or 


ar 


2/11 = 


+ *'&F(F 2 ) + ifc^ORO) 




a 2 6r 


ar 


2/16 = 


aor 





where 



M(^i) 2 + fe) 2 + fe) 2 ]-^o /n , (*Ci) 2 + (*6) 2 + fe) 2 , n 

a = 7^ , = 7^ 

r a 



w/ien £ 2 , 6) T 4 • ^lO?) = (»7i> ? ?2, %, »74> %, "7, "8, %) , o^d 

??j = (^22/3, ^32/3, 2/3, ^12/7, ^22/7, ^32/7, 2/7, ^12/11, ^22/11, ^32/11, 2/11, 

^02/16, i£i3/i6, «62/i6, ^32/16, 2/16, (^o) 2 2/3, (^i) 2 2/3, («6) 2 2/3, (^3) 2 2/3, ^0^12/3, 
^0^22/3, ^0^32/3, ^1^22/3, ^1^32/3, ^2^32/3, (^V, 0'£l)V, (*&) 2 2/7, (i&OV, 

i&Cm, ^0*62/7, ^'62/7, ^1*62/7, iCii^m, ^2^32/7, (^o) 2 yn, (^i) 2 2/il, (i6) 2 yn, 

(^3) 2 yn, ^0^12/11, ^o*6yii) ^o^syn, ^i^2yn, ^l^yn, ^2«6yn, eJ) T , 

/iere e 3 - is £/ie ji/i 9 dimensional unit coordinate vector, 1 < j < 9 , moreover when j = 1, 2, 3 , 



ys = -or- h — , y7 = — or — ' yu = — 21 — , yie - , , 

a z or ar a z or a z or aor 

w/ien j = 4, 5, 6 , 

£ 2 1 - ^1*6 - ^2^3 - «6 

y7 = -57- H — , y3 = — — , yu = — 57 — , yie 



a z or ar a z or a z or aor 

w/ien j = 7, 8, 9 , 

yn = -97- h — > y3 = — 9T — > y7 = — tl — > yie 



9, ' , SO n, ! »l 97 , »m , 

a z or ar a z or a z or aor 

Zi = (Zij)gxi ; moreover we assume 

F- 1 (Y X + Ai(,/)ZiJ {Klj 6j 6) ^o}) = F- 1 ^ + ^(r?)^) , 

and Z\ S J7i , where 
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(2)We can convert (2.2) into the integral equations as follows, 



(Z n 

Z\ 2 
Z\ 3 
Zu 

Zl5 
Z\6 

Zn 
Z\% 
Zig 



F[F 
F[F' 
F[F' 
F[F 
F[F' 
F[F' 
F[F' 
F[F' 
F[F' 



-HeI(Y 1 
- 1 (eJ(Y 1 



+ A x {n)Z x ))F~\-a T x {Y x + A x {n)Z x ))] = f x {Z x ) 
+ A x {r ] )Z x ))F^{e T x {Y 1 + A 1 ( V )Z 1 ))] = f 2 (Z x ) , 
+ A 1 ( V )Z 1 ))F- 1 (eT(Y 1 +A 1 (r ] )Z 1 ))]=f 3 (Z 1 ) , 
+ A 1 (n)Z 1 ))F- 1 (eJ(Y 1 +A 1 (r ] )Z 1 ))] = f A (Z x ) , 
+ A 1 (r J )Z 1 ))F~ 1 (eUYi+A 1 (r J )Z 1 ))] = f 5 (Z x ) , 
+ A 1 (r ] )Z 1 ))F- 1 (eJ(Y 1 +A 1 ( V )Z 1 ))] = fo{Z x ) , 
+ A x (r ] )Z x ))F- 1 (el(Y 1 + A x (r,)Z x ))] = f 7 (Z x ) , 
+ A x (r ] )Z x ))F-\e T 9 {Y l + A X ( V )Z X ))] = f 8 (Z x ) , 
+ A x ( V )Z x ))F- 1 (eUYi+A 1 ( V )Z 1 ))} = f 9 (Z x ) 



(2.4) 



This is also the question to find the fixed-points of f(Z x ) , where f(Z x ) = (fj(Z x ))g xX . We can use 
the theories about the Poisson equation, the heat-conduct equation, the Schauder fixed-point theorem 
and the contraction mapping principle to prove that the fixed-point is exist and unique except a set 
whose Lebesgue measure is , and the smoothing solution of the Navier-Stokes equations is also exist 
and unique except a set whose Lebesgue measure is . 

3 Proof 

Proof of theorem2-l. (l)Necessity. Because the solution of AX = (3 is exist, we assume the 
particular solution is Xq , then V (xi, £3, t) T G R A , we know that 



AX (x x , x 2 , x 3 , t) = P(x x , x 2 , x 3 , t) 



satisfies, 



X (x x , x 2 , x 3 , t) and/5(xi, x 2 , x 3 , t) 
are values of Xq and (3 , when (x x , x 2 , x 3 , t) T is given. Hence 

rank(A, /3(x x , x 2 , x 3 , t)) = rank(A), V (x x , x 2 , x 3 , t) T G R A . 

Sufficiency. Because V (x x , x 2 , x 3 , t) T G R 4 , we can get 

rank(A, (3(x x , x 2 , x 3 , t)) = rank(A) , 

then the solution of 

AX = (3(x x , x 2 , x 3 , t) 

is exist. We assume the particular solution is X${x x , x 2 , x 3 , t) , then V (x x , x 2 , x 3 , t) T G i? 4 , 
we let 

X = (Xi(xi, x 2 , x 3 , t), X 2 (x x , x 2 , x 3 , t), ••• , X s (x x , x 2 , x 3 , t)) T = X (x x , x 2 , x 3 , t) , 
and we can get X satisfies AX = (3 . 

(2)When the solution of AX = fj is exist, we assume Xq is a particular solution, X is the arbitrary 
solution of this equations, then V (x x , x 2 , x 3 , t) T G i? 4 , we can get 



A(X(x x , x 2 , x 3 , t) - X Q (x x , x 2 , x 3 , t)) = , 
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according to the linear equations theory, there exists a unique team of real numbers 



Ci, C 2 



such that 



we let 



X(xi, x 2 , x 3 , t)-X (xi, x 2 , x 3 , t) = C\T)\ + C 2 r/ 2 H \-C s - r rj s 



Z 1 (x 1 , x 2 , x 3 , t) = (Ci, C 2 , 



C s — r ) 



then 



X(xi, x 2 , x 3 , t) =X (xi, x 2 , x 3 , t) + A(rj)Z 1 (x 1 , x 2 , x 3 , t) 
Because {x\, x 2 , x 3 , t) T is arbitrary, we can learn that 

X = X + A(r ] )Z 1 . 

On the other hand 



A[X + A{ji)Z x \ =(3 + 0Z 1 = (3 



This is to say 



VZi , X + A(ri)Z x 
is the solution of the equation AX = f3 . Hence 

X + A( V )Z 1 

is the general solution of the equation AX = (3 . 

Proof of theorem2-2. We can rewrite the Navier-Stokes equations as following. 



AX = (3 , 



where 



.4 



/ 


1. 


0. 


0. 


0. 


4 , 


1, 


4 , 


1, 


0. 


0. 


0, 


0. 


0. 


0. 


039 


\ 






0. 


1. 


0. 


0. 


012, 




4 , 


-A»> 






26 , 


1. 


1. 


1. 


o 6 








0. 


0. 


1, 


0. 


0l3, 


r, 


O13, 


-A»» 






0l9, 


1, 


1, 


1, 


3 






V 


0. 


0. 


0. 


1, 


0l4, 


r, 


O22, 


-/^, 






On, 


0. 


1, 


1, 


1 


) 


4x59 



n is the row vector which is made up of n zeroes, X includes u±, u 2 , u 3 , p and all their first order 
partial derivative, and all the second order partial derivative of u±, u 2 , u 3 , and all the products 
which they are in the Navier-Stokes equations, 

dui du\ du 2 du 3 du\ du\ du 2 du 2 du 2 du 3 du 3 du 3 

ax\ at at at ox 2 ox 3 ax\ ox 2 ox 3 ax\ ox 2 ox 3 



dp dp dp dp 
dt ' dx\ ' dx 2 ' dx 3 



d 2 u\ d 2 u± d 2 u\ d 2 u\ d 2 u\ d 2 



ui 



d 2 



, p 



dt 2 ' dx\ ' dx\ ' dx\ ' dtdxi ' dtdx 2 ' dtdx 3 ' 
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d 2 ui d 2 ui d 2 ui d 2 u 2 d 2 u 2 d 2 u 2 d 2 u 2 d 2 u 2 d 2 u 2 d 2 u 2 



dx\dx 2 ' dxxdx 3 ' dx 2 dx 3 ' dt 2 ' dx\ ' dx\ ' dx 2 ' dtdxx ' dtdx 2 ' dtdx 3 ' 

<9 2 u 2 <9 2 u 2 <9 2 it 2 <9 2 u 3 <9 2 u 3 d 2 u^ d 2 u 3 d 2 u 3 d 2 u 3 d 2 u 3 
dx\dx 2 ' dxxdx 3 ' dx 2 dx 3 ' <9i 2 ' <9x 2 ' dx 2 ' 9x 2 ' dtdx\ ' dtdx 2 ' dtdx 3 

d 2 u 3 d 2 u 3 d 2 u 3 du\ du\ du± du 2 du 2 du 2 

a — a — ' a — a — ' a — a — ' u l a — ' u ^ — ' n 3 ~ — , «1« — > M 2 ^ — , «3 ~ — , 
OXiOX 2 OX1OX3 OX 2 OX 3 OX 1 OX 2 OX3 OX\ OX 2 OX3 

du 3 du 3 du 3 

OXl OX 2 OX3 

/3 = (0, F lt F 2 , F 3 ) . 

We can see that A = (E4, Ax) , Ax is a 4 x 55 matrix. We assume A\ = (ax, a 2 , a 3 , atx) T , where 

ai = (0 4 , 1, 4 , 1, 0, 0, 0, 0, 0, 0, 39 ) T , 
«2 = (O12, r, 4 , -/u, -fi, -fi, 2 6, 1, 1, 1, 6 ) T , 
03 = (O13, T, O13, -n, -n, -n, O19, 1, 1, 1, 3 ) T , 
a 4 = (O14, r, 22 , -/i, ~H, ~H, On, 0, 1, 1, 1) T . 

We let X = (0, Fx, F 2 , F 3 , 55 ) T , A(rj) = ( 'f 1 ) , then AX = /3 , AA(rj) = , and 

V ^5 y 59x55 

the columns of A(rj) are linear independent, so according to (2) in the theorem 2.2, we can get the 
general solution of AX = (3 as follows, 

X = X + A( V )Z . 
We write the 59 components of X in details. 

dux rp dux rp du 2 T du 3 _ <9«i T 

dux j, rp du 2 _ <9u 2 T <9u 2 „ „ 

— = e 2 Z, u 1 = e 3 Z, — = e 4 Z, — = e 5 Z , — = e 6 Z , u 2 = e 7 Z , 

<9« 3 _ du 3 du 3 _ T dp T dp 

dx-x = e * z ' dx- 2 = e * z > d^ =eioZ ' U3 = enZ 'd; =ei2Z 'dx-r ei3Z ' 

dp j, dp p rp d 2 UX rp 8' y C^Ul y 

d 2 ui T d 2 ux T d 2 ux T d 2 ux T d 2 ux T 

~dxJ = e2 ° Z ' dWx~x =62lZ ' dWx~ 2 = 622Z ' 5^ = 623Z ' 9^ =e24Z ' 

9 2 ni T 5 2 ui ^ d 2 u 2 T d 2 u 2 T d 2 u 2 T 
dx^dx~ 3 = e25Z > dx^dx~ 3 = e26Z '> ~W = ^ Z ' ~dxj = 62sZ ' ^l" = e29Z ' 

<9 2 ii 2 T <9 2 ii 2 T <9 2 « 2 T <9 2 u 2 T d 2 u 2 T 

~dxJ = e3 ° Z > dWx~x =e3lZ ' dtd^ = ea2Z ' 5^ = e33Z ' 9?^ =e34Z ' 
d 2 u 2 ^ d 2 u 2 ^ „ <9 2 u 3 ^ _ 9 2 n 3 ^ _ 9 2 u 3 



d Xl dx 3 ~ ^ ' dx 2 dx 3 ~ ^ ' dt 2 ~ ^ 37 ~ ' dx 2 ~ ^ s ' dx 2 
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T 7 d u * 

e 40 z. , 



eJ 5 Z 



dtdx\ 
d 2 u 3 



d 2 u 3 
dtdxo 



d 2 u 3 

d 2 u 3 
dx\dx 3 
du 2 

u ^ 1 = e ioZ,u 2 — = ei 1 Z,u 3 — 



el 2 Z 



d 2 u 3 
dtdx 3 



dx\dx<2 



dx 2 dx 2 



j, dui _ dui T dui 

e4eZ ' ui dx~r e47Z ' U2 dx- 2 =e * 8Z > U3 dx~ 3 



eJgZ , 



du 2 



duo 



T du 3 du 3 

*™ Z > Ul dx-r e53Z > U2 dx~2 



4a z , 



«3 



du 3 

dx ? . 



T ry 

e 55 Z 



here is the ith 55 dimensional unit coordinate vector, 1 < i < 55 . There are 9 quadratic items, 
hence we can get 9 quadratic constraints which Z need to satisfy just as following: 



eJ 7 Z = (eJZ)(-aJZ), eJ 8 Z = (ef Z)(ef Z), eJ 9 Z = (e^Z^Z), 
eT Z=(e 3 r Z)(eJZ), e&Z = (ef Z)(e%Z), eJ 2 Z = (e^Z)(^Z), 
e?,Z = (e^Z)(eJZ), e&Z = (#Z){t$Z), e^Z = (e T n Z){e T w Z) . 



(3.1) 



Because u\, u 2 , u 3 6 C 2 , p € C 1 , we can get 46 differential constraints which Z need to satisfy 
just as following: 



d{e T 3 Z) 

dx\ 
d{e T 3 Z) 

dx 2 
d(&Z) 

dx\ 



dje^Z) 

dx 3 
dje^Z) 
dx 2 



F, 



Ty d(eJZ) 
a 2 Z , 



dt 



Fo 



Tr7 d[e^Z) 
a 3 Z , 



e\Z 



elZ 



T7 d(eJZ) 
e 2 Z , 



4 Z , 



dx\ 
dje^Z) 
dx 3 



T7 d&Z) 
e 4 Z , 



e w Z 



dx 2 
dje^Z) 
dt 



elZ , 



T ry 

e l2 Z 



dt 

d(eJZ) 
dx 3 
d{el,Z) 
dx\ 



T ry 
« 4 Z 



e%Z 



eJ 3 Z 



d(eJ 6 Z) 
dx 2 


= &T±z , 


d(eJ 6 Z) 
dx 3 


ei5 Z , 


d\elZ) 
dt 2 


T ry 


d 2 (eJZ) 
dx 2 


els 2 , 


d\e\Z) T 
dx 2 ~ eigZ ' 


d\e\Z) 
dx 2 


T ry 

— ^20^ ) 


d\e\Z) 
dtdx\ 


= e 21 Z , 


d\elZ) _ 
dtdx 2 


T ry 
~ e 22 Zj ) 


d\elZ) _ 
dtdx 3 


: e 2 3 z 


d 2 (eJZ) _ 
dx\dx 2 


T rv 

e 2 4Z. , 


d\e\Z) 
dx\dx 3 


= e 25 Z , 


d\e\Z) 
dx 2 dx 3 


= el G Z , 


d 2 (eJZ) 
dt 2 


= e% 7 Z , 


d 2 (e^Z) 
dxl 


e 28Z 


d 2 { e Tz) 

dx\ 


e 29 Z , 


d 2 (e^Z) 
dx 2 


= e lo z , 


d 2 (eJZ) 
dtdx\ 


= e li z , 


d 2 (eJZ) 
dtdx 2 




d 2 ( e Tz) 

dtdx 3 


- e 33 Z 


d 2 (e^Z) 
dx\dx 2 


e u z , 


d 2 (eJZ) 
dx\dx 3 


= e 35 Z , 


d 2 (eJZ) 
dx 2 dx 3 


= 4& z , 


d\e\ x Z) 

dt 2 


= 4i z ■ 


d\e\ x Z) 
dxl 


Ty d 2 (e^Z) 
~ 63sZ ' dx 2 " 


= e 39 Z , 


d\e\ x Z) 
dx 2 


T ry 

— e 40 z- , 


d\e\ x Z) 
dtdx\ 


= eJiZ 


d\e\ x Z) 
dtdx 2 


= el 2 Z 


d 2 (eJ lZ ) 
dtdx 3 


Q\^z) 

^ V6 " ' dx\dx 2 


= eJ 4 Z 


d 2 (eJ lZ ) 
dx\dx 3 


= els z , 


d\e\ x Z) 
dx 2 dx 3 


T ry 

= e^Z 















Because the second order partial derivative can be taken as the partial derivative of the first order 
partial derivative, and u±, u 2 , u 3 S C 2 , we can learn that their second order mixed partial derivatives 



S 



are equal, the above differential constraints are equivalent to 64 first order differential constraints as 
follows: 

9(eIZ) d(e£Z) g(gg d&Z) 

-^ r =-a 1 Z,^^ = F 1 -a 2 Z, = F 2 - a 3 Z , = F 3 - a 4 Z , 

d(eJZ) dJejZ) dJe^Z) 3(efZ) 3(efZ) 



3x2 3x3 3xi 3x2 dx 3 

T d(e{ 1 Z)_ T d&Z) d(eJ 6 Z)_ T 



dje^Z) _ T dje^Z) _ T dje^Z) _ T dj^Z) _ T 8{e^Z)_ T 



d(eJ 6 Z) 3(ef 6 Z) dfr-agZ) T d(-aJZ) 

d(e{Z) _ T d(eJZ) _ T djF\ - a T 2 Z) _ d(-aJZ) _ T ^ 
d(F 1 - a T 2 Z) _ djeJZ) _ T d(F\ - a T 2 Z) _ d{e T 2 Z) _ T 
d(-aJZ) d(eJZ) r ^ d(-aJZ) d(e T 2 Z) d(eJZ) d{e\Z) 



e 24^ > HI - —^Z - e 25^ > — S~ - — ^~ - e 26^ 



3x2 5xi 3x3 3xi 3x3 3x2 

3(F 2 - qjj) _ T d{elZ)_ T 3(eJ Z) _ r 3(e^Z) _ T 

3* _e27Z ' ^r" 628 ^ ' ~^~ e2gZ ' ^r _e3 ° z ' 

3(F 2 - ajZ) _ d(eJZ) _ T d(F 2 - aJZ) _ d(ej Z) _ T 

3(F 2 - a\Z) _ d{elZ) _ T djeJZ) _ d(e$ Z) _ T djeJZ) _ d{$Z) _ T 
d{e\Z) _ djejZ) _ T 3(F 3 - ajZ) _ T d{ejZ) _ d($Z) _ T 

~^s~ ~ ~dxV~ ~ emZ ' dt " e3?z ' ~^xV~ e ^ '~d^T~ em ' 

d{e T 10 Z) T d(F 3 - a\Z) djejZ) T d(F 3 - a\Z) d($Z) T 
~3x^" e4oZ ' dx\ -^^ _e4lZ ' dx~ 2 -^^- 642Z ' 
d(F 3 - ajZ) d(eJ Z) T d{ejZ) 3(4 ' Z) T djeJZ) d(eJ Z) T 

dx~ 3 -^^- 643Z ' ^T"^T" e44Z ' ^T"^x^" e45Z 



d(e?Z) d(eJ Z) 



eJ 6 Z . 



dx 3 3x 2 
We write them into the equations, we assume 

3ui 3ui 3u 2 3n3 3ui 3ni 3«2 3ii2 du 2 du 3 du 3 du 3 

3xi ot at at ox 2 ox 3 ox\ 0x2 ax 3 0x1 ax 2 0x3 

H = (-ai, -a 2 , -«3, -"4, ei, e 2 , e 3 , e 4 , e 5 , e 6 , e 7 , e 8 , e 9 , ei , en, ei 6 ) T , 

/i = (0, Fi, F 2 , F 3 , O12) 3 " , then we can get U = HZ + h , moreover we assume 

Hq = (e 2 i, ei 7 , e 2 7, e 37 , e 2 2, e 2 3, -«2, e 3 i, e 32 , e 33 , -a 3 , e 4 i, e 42 , e 43 , -a 4 , ei 2 ) T , 

= ( e i8 5 621, e3i, e 4 i, e2 4 , e 2 5, —011, e 2 s, 635, e 4 , e38, e 44 , e 4 5, eg, en) T , 

^2 = (e24 5 622, 632, e 4 2, eig, e26, ei, e3 4 , e29, e36, es, e 44 , 639, e 4 6, eg, ei 4 ) T , 

^3 = (e25, e23, 633, e 4 3, e 2 Q, e 2 o, e 2 , 635, e 3 Q, e 3 o, e$, e 4 5, e 4 6, e 4 o, eio, eis) T , 
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ho = (0 6 , Fi, 3 , F 2 , 3 , F 3 , 0) T , then we can get 

( 



dU 

— = H Z + h 

BO (3 - 2) 

— = HiZ , i = 1, 2, 3, 

OXi 



or 

' d(HZ + /i) 



HoZ + ho 



ia^z + h) (3 ' 3) 
— — - = #iZ , i = i, 2, 3. 

t OXi 

Now we have converted the Navier-Stokes equations into the simultaneous of the first order linear 
partial differential equations with constant coefficients (3.3) and 9 quadratic polynomial equations 
(3.1). 

And we get a necessary condition for the existence of the solution of the Navier-Stokes equations as 
follows, 3 55 dimensional four variables functional vector Z , such that Z satisfies the first order linear 
partial differential equations with constant coefficients (3.3) and 9 quadratic polynomial equations 
(3.1). 

In fact, this condition is also sufficient. If Z satisfies the above first order linear partial differential 
equations with constant coefficients (3.3) and 9 quadratic polynomial equations (3.1), we let 

(ui, u 2 , u 3 , pf = (e 3 , e 7 , en, e 16 ) T Z , 

then from (3.3) we can get O = HZ + h , where 

du\ du\ du 2 du 3 du\ du\ du 2 du 2 du 2 du% du 3 du 3 

O ("^ , , ~ 5 , T^j , "7^ , til 3 "q 3 T) 3 ~Q > ^2 3 Tj 3 ~Q 3 ~0 3 ^3 3 P ) 3 

axi at at at 0x2 0x3 axi 0x2 #23 ox\ ox 2 0x3 

80 dO 

again from (3.3) we can learn that — — = HoZ + ho , — — H%Z , i = 1, 2, 3 , and from (3.1) we 

OT OXi 

can get X = Xq + A(rj)Z , where X includes u±, u 2 , u 3 , p and all their first order partial derivative, 
and all the second order partial derivative of u±, u 2 , u 3 , and all the products which they are in the 
Navier-Stokes equations, then we can get AX = f3 , this is just the Navier-Stokes equations. 
Hence we can get the corollary as follows. 

Corollary 3.1 If we assume u\, u 2 , u$ 6 C 2 , p € C 1 , F\, F 2 , F% 6 C 1 , then a necessary 
and sufficient condition for the existence of the solution for the Navier-Stokes equations is that 3 55 
dimensional four variables functional vector Z , such that Z satisfies the first order linear partial 
differential equations with constant coefficients (3.3) and 9 quadratic equations (3.1). 

Under this circumstance, (u±, u 2 , u 3 , p) T = (e3, ej, en, e\%) T Z is the solution of the Navier-Stokes 
equations, here e, is the ith 55 dimensional unit coordinate vector, 1 < i < 55 . 

Proof of theorem2-3. (1) Under the assumption (1.1) and from the theorem 2.2, we can learn that 
when t is not in [0 , T] , or (x\, x 2 , 23) is not in K\ , Z = , hence Z can do the Fourier trans- 
formation with t , X\ , x 2 j 23 , we use the Fourier transformation to convert (2.1) into the linear 
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equations as follows. 



/ i&H -H \ 
i&H - Hi 
i&H - H 2 
\ i&H -H z J 



F(Z) 



I F(h ) - iC F(h) \ 
-iCiF(h) 
-i&F{h) 
-i&F(h) 



(3.4) 



where 



F(Z)= [ Ze- i ^ t - i ^=^i x idtdxidx 2 dx3 , 
Jr. 4 

F(h)= [ he-^-^U^dtdx^dxa , 
Jr. 4 

h e^ ot ^ H=i dtd Xl dx 2 dx 3 



R 4 



We assume that 



B 



( itoH- 


H 




Ht 


i&H- 


H 2 


{ i&H - 


H 3 



, G 



64x55 



/ F(h ) - i^ F(h) \ 
-i^F(h) 
-i&F(h) 
-i&F(h) 



64x1 



next we solve the linear equations BY = G , where Y = (2/5)55x1 • We can get rank(B) = 46 , when 
(£i ) £2 > £3) 7^ , moreover the first 46 columns are linear independent. 
We write out all the rows of the matrix B. 



-^o<aq 


e 21 


, -i^aj - 


e 18 > 


^2«f 


— e 24 > " 




-i£oa 2 


- P T 


, -i£ia 2 - 


e 21 > 




- P T - 
e 22 > 






p T 
e 27 


, -ifiaf - 


e 31 5 


^2«3 r 


~ e 32 i " 




-i£ aj 


e 37 


, -i£iaj - 


e 41 j 




~ e 42 i " 




i£oeJ ~ 


e 22 ) 


p p 

*£l e l ~~ e 24 




~ e 19 5 




e 26 J 


i£oe 2 ~ 


e 23 ) 


p p 

i£,l e 2 — e 25 




~~ e 26 i 




e 20 J 


i£o(% + 


T 
«2 > 




*6 e 3 






e 2 ) 


i£oeJ ~ 


P T 
e 31 > 


^lej _ e 28 




e 34 ' 


^3 el - 


e 35 ) 


^oej - 


e 32 > 


^l e s" ~~ e 34 


^5 


— e 29 > 




e 36 ) 


ifa! - 


e 33 ) 


^l e 6 ~~ e 35 




— e 36 ' 


i&ee - 


e 30 ) 


i£ ef + a% , 


rp rp 

«£ie 7 - e 4 , 


i^ef - 


p T 
e 5 ) 


«6ef - , 


i£oe£ - 


P T 
e 41 ) 


^lej ~~ e 38 






i^es - 


P T 
e 45 ) 


iCoeg - 


P T 
e 42 ) 


^169 C44 




— e 39 j 


^3 eg - 


e 46 J 


i^eJo - 


e 43 J 


Kl e 10 ~~ e 45 




» ^3ef 


— e 4 


i^oeJi + aj , 


*'6en - eg 


, *6en 


e 9 


i^efi - 


" efo j 


iCoeJ 6 - 


P T 
e 12 ! 


^l e 16 ~~ e 13 


, ^2 e 16 — e 14 


» ^3ef 6 


— e 15 



e 25 



°23 ' 
e 33 j 
e 43 j 
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where ej is the ith 55 dimensional unit coordinate vector, 1 < i < 55 , and 

ai = (0 4 , 1, 4 , 1, 0, 0, 0, 0, 0, 0, 39 ) T , 

«2 = (0l2, T, 4 , -fl, -fi, -fi, 26 , 1, 1, 1, 6 ) T , 
«3 = (0l3, T, O13, -/i, -/i, -fi, Oig, 1, 1, 1, 3 ) T , 

a 4 = (O14, r, 22 , -Ai, -A*, -Ai, On, 0, 1, 1, 1) T . 

First we let 1/47+^-1 = , 1 < j < 9 , we will show that the solution of i?Y = is only , when 

(£l> £2, £3) 7= , hence the first 46 columns are linear independent, and rank(B) > 46 . 

From the 7th row we can get y\ = ^£22/3, 2/2 — *£32/3, 2/5 + 2/io = — 2£i2/3 , an d from the first, the 

second, the 5th , the 6th rows, we can get y 18 = (i£i) 2 2/3, 2/19 = (i6) 2 2/3, 2/20 = (^3) 2 2/3, 2/13 = 02/3 , 

where 

Ai[(«i) 2 + fe) 2 + (^3) 2 ]-^o 



r 

^2„ 



/0, 



when (£1, £ 2 , £3) / , moreover y i7 = (i£ ) 2/3 , 2/21 = «£o«£i2/3, 2/22 = ^£22/3, 2/23 = ^0^32/3, 

2/24 = ^1^22/3, 2/25 = ^1^32/3, 2/26 = «6^32/3 • 

From the 11th row we can get 2/4 = ££12/7, 2/5 = ^£22/7, 2/6 = ^£32/7 > an d from the 8th, the third, the 
9th , the 10th rows, we can get y 2 8 = («£i) 2 2/7, 2/29 = («£2) 2 2/7, 2/30 = (*£3) 2 2/7, 2/14 = ^2/7 , moreover 
2/27 = («£o) 2 2/7 , 2/31 = «£o«£l2/7, 2/32 = «£o«£22/7, 2/33 = «£o^32/7, 2/34 = «£li£22/7, 2/35 = ^£l«£32/7, 
2/36 = ^£32/7 ■ 

From the 15th row we can get ys = ^£i2/n, 2/9 — ^£22/11, 2/io — ^£32/11 , an d from the 12th, the 13th, 
the 14th , the 4th rows, we can get y 38 = (i£i) 2 2/n, 2/39 = (^£2) 2 2/ii, 2/40 = («£3) 2 2/n, 2/15 = ay u , 
moreover y 37 = (i£ ) 2 2/n , 2/41 = i£o«£i2/n, 2/42 = «£o«£22/n, 2/43 = i&i&J/n, 2/44 = «£ii£22/ii, 

2/45 = i£l«£32/ll, 2/46 = i£2i£32/ll- 

And from the last row, we can get yi 2 = i£o2/i6, 2/13 = i£i2/i6, 2/14 = ^£22/16, 2/15 = ^£32/16 • 
Because 2/13 = ^2/3, 2/14 = «2/7, 2/15 = ay u , we can get 

i£i ^£2 ^£3 

2/3 = — 2/16, 2/7 = — 2/16, 2/11 = — 2/16 • 
a a a 

From (2/5 + 2/10) = 2/5 + 2/io , we can get -i£i2/3 = ^£22/7 + ^£32/11 • This is equal to the following. 

r (*£i) 2 m 2 m\ 

[ + + 2/16 = . 

o a a 

Hence yie = , when (£1, £2, £3) 7^ , and we can get y 3 = 0, 2/7 = 0, 2/11 — , the solution of 
BY = is only , the first 46 columns are linear independent, and rank(B) > 46 . 
Next we will in turn let y^+j-i = 1, yt = 0, 47 < k < 55, k 7^ 47 + j — 1, 1 < j < 9 , we can work 
out 9 linear independent solutions of BY = , we assume they are rjj, 1 < j < 9 . This means that 
rank(B) < 46 , hence rank(B) = 46 , when (£1, £2, £3) 7^ . 

If we let y47 + j_i = 1, = 0, 47 < A; < 55, A; 7^ 47 + j — 1, 1 < j < 3 , we only need to notice that 

1 i£i 1 

oAY will change into akY + \ , and 2/13 = i£i2/i6 = «2/3 , then we can get y 3 = — yi$ H , and 

r a ar 

^£2 ^£3 
j/7 = — yi6 , 2/11 = — 2/16 • Hence we can get the following, 
a a 

i£i i£i 

02/16 H = , or yi 6 = - — . 

ar aor 
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Moreover we can work out y 3 , 2/7 , y\\ and rjj , 1 < j < 3 . 

If we let 2/47+j-i = 1, 2/fc = 0, 47 < < 55, k 7^ 47 + j — 1, 4 < j < 6 , we only need to notice that 

aTy will change into aTy + 1 , and 2/14 = i£22/i6 = ^2/7 j then we can get 2/7 = — yi6 H , and 

r a ar 

i£i i£ 3 
1/3 = — yi6 , yn = — 2/16 • Hence we can get the following, 
a a 

oyi6 H = , or 2/16 = - —r- ■ 

ar abr 

Moreover we can work out 2/3 , 2/7 , 2/1 1 an d % , 4 < j < 6 . 

If we let 2/47+j-i = 1, 2/fe = 0, 47 < < 55, A; 7^ 47 + j — 1, 7 < j < 9 , we only need to notice that 

T T 1 ^3 1 

ai Y will change into aiY+1 , and 2/15 = ^32/16 = ^2/11 , then we can get 2/11 = — 2/16 H > 

t a ar 

and 2/3 = — 2/16 j 2/7 = — 2/16 • Hence we can get the following, 
a a 

«6 n 

02/16 H = , or 2/16 = r- • 

ar aor 

Moreover we can work out 2/3 , 2/7 > 2/n an d rjj , 7 < j < 9 . 
We write 77^ , 1 < j < 9 , as follows. 

Vj = (i&V3, ^32/3, 2/3, ^12/7, ^22/7, ^32/7, 2/7, 262/11, ibVll, ^32/11, 2/11, 

^02/16, ^12/16, ^22/16, ^32/16, 2/16, (^o) 2 2/3, 06) 2 2/3, {i&fvs, 0'6) 2 2/3, ^0^12/3, 
«£o*'&2/3, ^0^32/3, ^1^22/3, «6^32/3, ^2^32/3, (^o) 2 2/7, 0^l) 2 2/7, O^&OV, (^V, 
^0^12/7, ^0^22/7, ^0^32/7, ^l«62/7, ^1^32/7, ^2^32/7, (^o) 2 2/ll, (^lfz/ll, (*6) 2 J/11) 

(^3) 2 2/n, ^o«62/ii, ^o^22/ii, ^o^32/ii, ^i^22/ii, ^i^32/ii, ^2^32/11, eJ) T , 
here is the jin 9 dimensional unit coordinate vector, 1 < j ' < 9 , moreover when j = 1, 2, 3 , 



2/3 = -nT - H , 2/7 = oT , 2/11 = 9T , 2/16 



or or ar a z or a z or aor 

(^i) 2 + (*6) 2 + fe) 2 

where 6 = / , when (£i, £2, £3) 7^ , when j = 4, 5, 6 , 

a 

£2 1 -^1^2 -«'6^3 



2/7 = -57- H , 2/3 = or , 2/11 = or , 2/16 



a z or ar a z or a z or aor 

when j = 7, 8, 9 , 

£3 1 -^1^3 -^2^3 -^3 

2/11 = ^tt- H , 2/3 = oT , 2/7 = oT > 2/16 



a z or ar a z or a z or aor 

Finally we work out a particular solution Yi of BY = G . We can see that 

G = (0, -i&FiFt), -i$oF(F 2 ), -i£ F(F 3 ), 2 , F(Fi), 3 , F(F 2 ), 3 , F(F 3 ), 0, 0, 
i£iF(Fi), -i£xF(F 2 ), -i^F(F 3 ), 12 , 0, ^2^1), -i&F(F 2 ), -i&F(F 3 ), 12 , 
0, i&FiFi), -i&F(F 2 ), -i&F(F 3 ), 12 f , 
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F{F 1 ) 

If we let 2/47+1-1 = 0, 1 < j < 9 , then we can get 2/13 = i£i2/i6 = ay 3 H , 2/14 = i62/i6 

r 

F(F 2 ) F(F 3 ) 

0-1)7 H i and j/15 = ££32/16 = ayn H . Hence we can get the following, 

r r 

byie = , or yi 6 = . 

or abr 

Moreover we can work out y 3 , 2/7 , y\\ and Y\ . 
We write Y\ as follows. 

^l = (i&y3, i£-m, 2/3, i€iV7, i&V7, i^3V7, 2/7, ^i2/n, i&S/n, ^32/n, 2/n, 

^02/16, ^12/16, ^22/16, ^32/16, 2/16, (i£o) 2 2/3, (i£i) 2 2/3, («6) 2 2/3, (^3) 2 2/3, ^0^12/3, 
^0^22/3, ^0^32/3, «6^22/3, «6^32/3, ^2^32/3, (^o) 2 2/7, («6) 2 2/7, («6) 2 2/7, fe)^, 
^0^12/7, ^0^22/7, ^0^32/7, «6^22/7, ^1^32/7, «6^32/7, («£o)Vl, (^l)Vl, (*6) 2 2/ll) 

(«6) 2 2/n, ^o^i2/ii, ^o«62/ii, ^o^32/ii, «6^22/ii, ^i^32/ii, ^62/11, 0g xl ) T , 



where 



^1(26^1) + *6F(F 2 ) + i&F(F 3 )) 

^ 3 = 2T 

cror or 
iU^iF(F!) + i&F{F 2 ) + *£ 3 F(F 3 )) F(F 2 ) 



2/7 



2/n 



2/16 



a 2 6r or ' 

z&(zfrF(Fi) + »6F(F 2 ) + i&F(F 3 )) F(F 3 ) 

a 2 br ar 
i^ 1 F(F 1 ) + i£ 2 F(F 2 ) + i&F(F 3 ) 



And we can test such Yi satisfies -BYi = G . 

If we assume ^1(77) = (771, 7/2, f/ 3 , f/ 4 , 775, ?/7, ^8, %) , then we can get the explicit general 
solutions of (3.4) as follows, 

F(Z)=y i + A 1 (»/)Zi ,or Z = F- 1 (yi+^iW^i) , 

where Zi = (Zi,)g x i , moreover we assume 

F-\Y 1 + A 1 (r ] )Z 1 I {{ ^ &i 6) ^ 0} ) = F-^y + ^(77)^) , 

and Zi G Sli . Because Z need to satisfy 

HZ = HZI K[ G C l {K[) , 

we can get 

Ox = {ZiliTtF- 1 ^ + Ai(»7)Zi)] = H[F- 1 (Y 1 +A 1 (r j )Z 1 )]I K{ G C 1 ^)-} , where 
H = (-ai, -a 2 , -03, -a 4 , ei, e 2 , e 3 , e 4 , e 5 , e 6 , e 7 , e 8 , eg, ei , en, ei 6 ) T . 
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(2)We can learn from (1) that F(eJ 7+ j_ 1 Z) = Z\j , 1 < j ' < 9 , hence we can convert (2.2) into the 
integral equations as follows, 



Z\2 

Z\z 

Z\A 

Zi§ 

Zl6 

Zn 
Z±s 

Z\Q 



F[F~\el{Y 1 +A x {n)Z x ))F-\-al {Y x + A 1 (r,)Z 1 ))] = h{Z x ) 



F[F~\e 7 (Y x + A 1 (r ? )Z 1 ))F~ 1 (e 1 (Yi + Ai{r,)Z x ))] = f 2 (Z l ) 
F [ F ~ 1 ( e ii( Y i + ^i(r/)Z 1 ))F- 1 (ei , (Fi + A^Z,))} = HZ,) 



F[F- 1 ($(Y 1 +A 1 (r,)Z 1 ))F- 1 (£(Y 1 + A 1 (7,)Z 1 ))] = 
F[F^(e^(Y 1 +A 1 ( V )Z 1 ))F~HeUYi + A 1 ( V )Z 1 ))] = 
F[F-\eUYi + ^i(r/)Z 1 ))F- 1 (ei , (Fi + A^Z,))] - 
F[F- 1 ^(Y 1 +A 1 (ri)Z 1 ))F- 1 (e'i(Y 1 + A 1 (ri)Z 1 ))] = 
F[F-\e T 7 (Y 1+ AMZi))F-\el(Y 1 + A 1 ( V )Z 1 ))] = 
F[F-\eUYi+A 1 {r 1 )Z 1 ))F-\eUYi+A 1 {r } )Z 1 ))\ 



h{Zi) , 

h(Zi) , 
: h{Zi) . 

fr(Zi) , 

h{Zi) , 

= h{Zi) 



(3.5) 



This is also the question to find the fixed-points of f(Zi) , where f(Zi) = (/j(Zi))g x i . But we can 
not see immediately f{Z\) G f2i , even if Z\ G Vt\ . We need to attain this point first. We assume 
O2 as follows. 

n 2 = {Zi|3 hi = h x I K [ G C\Kx) , such that Z x = F(hi) .} , 



where 



(M 



9x1 



,F(h 1 )= [ fc ie -«ot-iE; =1 &x, dtdxidx 2 dx 2 
Jr 4 



We will prove that O2 C and f{Z\) G , if -Zi G ^2 • We look at a lemma as follows. 

Lemma 3.1 V h\ = hilx'. G C(K[) , and hi satisfies the Holder condition, 3 h 2 = 
C^O, T]nC°°(iri) , suc/i ka£ F(/ti) = a 2 brF{h 2 ), w/iere 



M(*6) 2 + (*6) 2 + (*6) 2 ] 



^0 



Wi) 2 + (^ 2 ) 2 + m 2 

a = , v = 

r a 

and /ii satisfies the Holder condition means that ]C>0,0<a<l, such that 



\hi{x t ) - hi(x' t )\ 



maxj/ii^xt) - hij(x' t )\ < C\x t - x' t \ 



V Xt , x[ G K[ 



Proof of lemmaS-l. We see that a 2 br = Gu[(*6) 2 + (t£j) 2 + («6) 2 ] - ^o)((^i) 2 + {^2? + («6) 2 ) , 
hence this lemma is equivalent to V hi = hilx[ £ C(-R'i) , and /ii satisfies the Holder condition, 
3h 2 = h 2 I K[ G C^O, T] P| C 00 ^) , such that 



" " d*h 



3=1 k=i dx2 M 



(3.6) 



If we let -u = fiAh 2 — dh 2 /dt , then we convert (3.6) into follows, 

Av = hi , 



fj,Ah 2 



dh 2 
~~cW 



(3.7) 
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We see that (3.7) are the simultaneous of Poisson equation and the heat-conduct equation, they are 
all classical mathematical-physics equations and h\ satisfies the Holder condition, the boundary of 
K\ , dK\ satisfies the exterior ball condition, we know their solutions are all exist. We can write h 2 
as follows. 

v(t,M ) = / hl t,M dx±dx 2 dx 3 , where M = (x 1 ,x 2 ,x s ) , M = (x 10 , x 20 , x 30 ) , 

47r Jk x r MM 

VMM = V Oi - ^io) 2 + (%2 ~ x 2 o) 2 + {x 3 - X30) 2 , 

, u , 1 s 3 /"* [ v(T 1 ,y 1 ,y 2 ,y 3 ) - (*i-«> 2 +(;2-«2) 2 +(*3^3) 2 

h 2 (t,M) = ( — )° / / — e 1) dy 1 dy 2 dy 3 dri . 

We assume the measure of the boundary of K\ is , then we can get that h 2 satisfies (3.6) . Next 

we will prove h 2 = h 2 I K[ G C^O, T] P) C°°(K\) . 

First we can see v is continuous on the region K[ , and from 



(.x 1 -y 1 )~ - !/2> + I 3 - 1/3 ) 



d k h 2 (t,M) 1 ft r v(T Uyi ,y2,y 3 ) d k e w-^ 



-dy 1 dy 2 dy 3 dr 1 



dx^dx^dx^ J J R3 (V^rT) 3 dx^dx^dxf 

where k = a\ + a 2 + a 3 , a\ , 02 , 03 are all nonnegative integral numbers, we know h 2 = h 2 Ix[ G 
C°°(is:i) . And because 

dh 2 

— = ^Ah 2 -v, 
we know h 2 = h 2 I K[ G C^O, T] f| C 00 ^) . 

We know /ii satisfies the Holder condition if h\ = h\Ix[ G C 1 (i ; C{) , hence we can get the corollary 
as follows. 

Corollary 3.2 V h x = h x I K [ G C 1 ^) , 3 h 2 = h 2 I K[ G C 2 [0, T] f| C°°(iCi) , such that 
F(/ti) = a 2 bTF(h 2 ), where 

a4(«i) 2 + (*6) 2 + (« 3 ) 2 ] - ^0 , (i£i) 2 + (*6) 2 + fe) 2 

a = , = . 

r a 

From the corollary 3.2 and the assumption 1.1 , we can get 3 Fji = Fj\I K ^ G C 2 [0, T] (~)C°°(Ki) , 
such that F(Fj) = a 2 bTF{Fji) , 1 < j < 3 . And we can get the following. 

7-1 , /n , 1 v 3 /"* [ Fjv{Ti,yi,y 2 ,y 3 ) - ^i-«i> 2 +(;2-«2) 2 +(*3-«3> 2 

Fji(t,M) = (——) / / = — e *MCt-n) dyxdy 2 dy 3 dT X , 

1 f FAt.M) 
FjJt.Mo) = -— / - JXJ — '-dx x dx 2 dx 3 , 1 < j < 3 . 
4vr r MMo 

Next we see H[F~ 1 (Yi)] , where 



H = (-ai, -a 2 , -a 3 , -a 4 , ei, e 2 , e 3 , e 4 , e 5 , e 6 , e 7 , e 8 , e 9 , ei , en, ei 6 

^ = (0 4 , 1, 4 , 1, 0, 0, 0, 0, 0, 0, 39 ) T , 

a 2 = (O12, r, 4 , -/i, -fi, -fi, 26 , 1, 1, 1, 6 ) T , 

"3 = (O13, t, O13, -/i, -//, -/i, O19, 1, 1, 1, 3 ) T , 

a 4 = (0i 4 , r, 22 , -/x, -At, "A*, On, 0, 1, 1, l) T , 
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and ei is the ith 55 dimensional unit coordinate vector, 1 < i < 55 , 

= (i&V3, i&y3, 2/3, i£l3/7, ^22/7, ^32/7, 2/7, ^12/11, ^22/11, ^32/11, 2/11, 

^02/16, ^12/16, ^22/16, ^32/16, 2/16, (^o) 2 2/3, (^l) 2 2/3, («6) 2 2/3, (^3) 2 2/3, ^O^l2/3, 
^£22/3, ^0^32/3, ^1^22/3, «6^32/3, ^2^32/3, (^o) 2 2/7, («6) 2 2/7, («6) 2 2/7, («6) 2 2/7, 

ifo*£iZ/7, ^o«6?/7, ^0^32/7, i£li&V7, ^1^32/7, i&i&y7, («£o)Vi, (^i) 2 2/n, (^2) 2 2/n 
(^3) 2 2/n, ^0^12/11, ^o«62/ii, ^o^32/ii, «6^22/ii, ^i^32/ii, ^2^32/n, 0gxi) T > 



and 



.2/3 



2/7 



2/11 



2/16 



^ifeF(Fi) + ig 2 F(F 2 ) + ig 3 F(F 3 )) F(F X ) 

a 2 6r ar 
iti{itiF(F u ) + i&F(F 21 ) + i£ 3 F(F 31 )) - abF(F u ) 

iU^iFjF!) + ig 2 F(F 2 ) + ^(^3)) FQFb) 

a 2 or ar 
^2(^1^(^11) + i&F(F 21 ) + ^3^(^31)) - a6F(F 21 ) 

i&iitiFjFi) + ig 2 F(F 2 ) + i&i^a)) ^(^3) 

a 2 6r ar 
^3(^1^(^11) + i&F{F 2X ) + i&F(F 31 )) - abF(F 31 ) 

giFCgQ + ig 2 F(F 2 ) + i&^QFh) 
aor 

a(i£iF(F n ) + i&F(F 21 ) + i&F(F 3l )) . 



We assume #[F ^Yi)] = Wi(F u , F 2 i, F31) , where Wi(Fn, F 2i , F31) = Oij)i6xi , and we 
get the following. 

wii = -(ej + efo)^ 1 ^) = -F- 1 (i62/7 + i&J/ii) , 

W12 = -[ref 3 - /i(ef 8 + ef 9 + 4 ) + ej 7 + ej 8 + eJ 9 ]F _1 (Yi) 

= -F-H^iyie - M(*6) 2 + (*6) 2 + (^ 3 ) 2 ]2/ 3 } , 

1013 = -\ Te u ~ K e 28 + e 29 + e io) + e 50 + e 51 + esaJF -1 ^) 

= -F-^ri^iVie - M(i6) 2 + (^) 2 + fe) 2 ]2/ 7 } , 

u>!4 = -[ref 5 - n(ej 8 + e|g + ej ) + ej 3 + ej 4 + e^F" 1 ^) 

= -F-^r^iyie - M(*6) 2 + fe) 2 + fe) 2 ]2/n} , 

wis = ejF- 1 ^) = F~\i&y 3 ) , w w = e^F" 1 ^) = F" 1 ^) , 

wn = elF-^li) = F" 1 ^) , wis = elF" 1 ^) = F" 1 ^^) , 

U>19 = e^F-^n) = F~ 1 (i^ 2 y 7 ) , w uo = e^" 1 ^) = F~\i&y 7 ) , 

wui = efF-^n) = F-\y 7 ) , = elF" 1 ^) = F^mx) , 

«)113 = <%F-\Yi) = F- 1 (i62/n) , win = eJ F~HYi) = i^feyil) , 

wns = e^F-^Yi) = F'^yu) , tune = e^F" 1 ^) = F~ l {y l% ) . 

Because F n = F^J^ G C 2 [0, F] f| C°°(Ki) , 1 < j < 3 , we can get as follows, 

dF^ dFji 
F-\i^F(Fji)) = F'\F(-^)) = —L,l<j<3, 
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for the same reason we can get the following, 

^W(^i)) = , F (i£,2F(Fji)) = , F (i£ 3 F(Fji)) = -JL , 1 < j 
Hence we can get the following, 

, d 2 F 21 d 2 F 31 d 2 F u d 2 F n 

F-\y 7 ) 



dx\dx 2 


+ 


dx\dx 3 


dx\ 


dxl 


d 2 F n 




d 2 F 31 


d 2 F 21 


d 2 F 21 


dx\dx 2 


+ 


dx 2 dx 3 


dx\ 


dxl 


d 2 F n 




d 2 F 21 


d 2 F 31 


d 2 F 31 




+ 









dx\dx 



2 



1 dF u 8F 21 dFv d 2 F u 2 F 21 8 2 F 31i 

And we can get the following, 

dF-^yj) dF- 1 (y 11 ) d 3 F 21 d 3 F 31 d 3 F u d 3 F n 

w n = k k = "o or; h 



Wl2 



dx 2 dx 3 dx\dx 2 dx\dx 3 dx\dx\ dx\dxl 

dr F^ 1 (yi§) , drF" 1 ^) 

— -^ + ^Ar 1 y , m 3 = -^ + »AF~\y 7 ) , 

dxi dx 2 



drF-\y 1Q ) 

wia = q \- nAF (y n ) , 

dx 3 

dF~ l {y 3 ) d 3 F 21 d 3 F 31 d 3 F u <9 3 F n 

w 15 = n = o 7T-o + 



dx 2 dxidx"^ dx\dx 2 dx 3 dx 2 dx 2 dx 2 
_ 0F~ l (y 3 ) _ d 3 F 2l d 3 F 3l d 3 F u d 3 F u 

Wl6 dx 3 dx\dx 2 dx 3 dx\dx 2 A dx 2 dx 3 dx 3 , 
d 2 F 21 d 2 F 3l d 2 F n d 2 F n 



dx\dx 2 dx\dx 3 dx\ dxl 



dF-\y 7 ) d 3 F n d 3 F 31 d 3 F 21 d 3 F 21 

W 18 = n = "o 9o ^ 



8x\ dx 2 dx 2 dx\dx 2 dx 3 dx 3 dx\dxl 



dF- l (y 7 ) d 3 Fn d 3 F 3 i d 3 F 21 d 3 F 



W19 = 7. = 7; — + 
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dx 2 dxidx 2 dx 2 dx 3 dx\dx 2 dx 2 dxl ' 
dF~ x (yi) d 3 F n d 3 F 31 d 3 F 21 d 3 F 



110 dx 3 dx\dx 2 dx 3 dx 2 dxl dx\dx 3 dx^ 
d 2 F n | d 2 F 31 d 2 F 21 d 2 F 21 
dx\dx 2 dx 2 dx 3 dx 2 dxl 
dF- 1 {y lx ) d 3 F u d 3 F 21 d 3 F 31 d 3 F 31 

W U2 = = — 77; h 



dx\ dx\dx 3 dx\dx 2 dx 3 dx 3 dx\dx\ 
8F- X (y n ) d 3 F n d 3 F 21 d 3 F 31 d 3 F_ 



31 



113 dx 2 dx\dx 2 dx 3 dx 2 dx 3 dx\dx 2 dx 3 

dF- l { yil ) d 3 F n d 3 F 21 d 3 F 31 d 3 F 31 

^114 = n = T< 7T-9 + 



dx 3 dx\dxl dx 2 dxl dx\dx 3 dx\dx 3 
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_ d 2 F n d 2 F 21 d 2 F 31 d 2 F 31 

WU5 ^ U dx\dx 3 8x28x3 dx\ dx\ 

_ f _ 1 3F U 8F 21 8F 31 d 2 F u d 2 F 21 8 2 F 31 

wne y\Q ^ /j. dtdx\ dtdx 2 dtdx 3 

And we can see that W\ is the function to do the partial derivation with Fn, F 2 i, F 3 \ no more 
than the fourth order and their linear combination, moreover no more than the first order with the 
variable t . Hence i^F" 1 ^)] = H[F~ 1 (Yi)]Ik , 1 € C 1 ^) . 

If Zi £ , then there exists hi = hilx^ E C 1 (iT[) , such that Zy = F(h\) . Again from the 
corollary 3.2 , we can get 3 h 2 = h 2 I K[ G C 2 [0, T] f] C°°{Ki) , such that F(hi) = a 2 6rF(/i 2 ) . Next 
we see i?[F _1 (Ai(r/)Zi)] , where Ax(rj) = (771, m, %, m, V5, ??6, V7, %, %) , 

^ = (^22/3, ^32/3, 2/3, «£l2/7, ^22/7, ^32/7, 2/7, ^12/11, ^22/11, ^32/11, 2/11, 

^02/16, ^12/16, ^22/16, ^32/16, 2/16, (^o) 2 2/3, (^l) 2 2/3, fe)^, fe)^, ^O^l2/3, 
^0^22/3, ^0^32/3, ^1^22/3, ^1^32/3, ^2^32/3, (^o) 2 2/7, (ifl)V> (^OV, fe) 2 2/7, 
^0^12/7, ^0^22/7, ^0^32/7, ^1^22/7, ^1^32/7, ^2^32/7, (^o) 2 2/ll, (*£l) 2 Z/ll, («6)Vl, 

(^3) 2 2/n, ^0^12/11, ^0^22/11, ^o^32/ii, ^1^22/11, ^6^32/11, ^2^32/11, eJ) T , 

here ej is the jt/j. 9 dimensional unit coordinate vector, 1 < j ' < 9 , moreover 
when j = 1, 2, 3 , 

11 1 1 

2/3 = "i 2 ^ 1 + G6) ' 2/7 = ^ftr :( " i6<2) ' 2/11 = ' 2/16 = ^ ( "' 6a) ' 

(«6) 2 + (*6) 2 + («6) 2 

where 6 = -— —— + , and 6, £3) / (0 , , 0) , 

a 

when j = 4, 5, 6 , 

11 1 1 

2/7 = -oT-fe + afe ) » 2/3 = -27-(-«£l*6) , 2/11 = -o7-(-*6*6) , 2/16 = -qH-^o) , 

a z or gtot o z or a z or 

when j = 7, 8, 9 , 

11 1 1 

2/11 = + ° 6) ' 2/3 = ' 2/7 = tfb?'^ 21 ^ ' 2/16 = "^ ( "^ 30) • 

Hence we can get 

H[F-\A x {r,)Z x )] = H[F-\Ai{rj)F{hi))] 

= H[F~ 1 (A 1 ( V )a 2 brF(h 2 ))]=H{F- 1 [(a 2 bTA 1 (r ] ))F(h 2 )]} , 

and we can see that a 2 brAi(r]) is a polynomial matrix. We assume 

HiF-^bTA^FQii)]} = W 2 {h 2 ) , 

where 1^2(^2) = (i«2j)i6xl , and we assume h 2 = (h 2 j)g x i , then we can get the following. 

w 21 = -{el + eJ )F~ 1 [(a 2 brA 1 (r ] ))F(h 2 )] 

-F~ l {i& (F(h 2 i) + F(h 22 ) + F(h 23 )) + (i 2 + ab)(F{h 2i ) + F(h 25 ) + F(h 26 )) 

-^1*6(^27) + F(h 28 ) + F(h 29 ))] + i&[-i£iiZ3(F(h 21 ) + F{h 22 ) + F{h 23 )) 
-i&UF(h 24 ) + F(h 25 ) + F(h 26 )) + (e 3 2 + ab)(F(h 27 ) + F(h 28 ) + F(h 29 ))}} , 
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w 2 2 = -[ref 3 -^(e? 8 + ef 9 + ei ) + er 7 + er 8 + er 9 ]F- 1 [(a 2 6ryli(r ? ))F(/ l2 )] 

-F-^lri^i-i^a) - fimi) 2 + (i6) 2 + (*6) 2 )(£i + ab) + a 2 br](F(h 21 ) + F(h 22 ) + F{h 23 )) 
+[ri^(-^ 2 a) - / u((i6) 2 + fe) 2 + (i&) 2 )(-i&b)](F(h 2A ) + F(h 25 ) + F(/i 26 )) 
+[Tiei(-i6a) - M^i) 2 + (i&) 2 + (i&) 2 )(-i&&)](F(h 27 ) + F(h 28 ) + F(/i 29 ))} , 

^23 = -[ref 4 -/i(ei 8 + ei 9 + ei ) + ei + ei; + ei 2 ]F- 1 [(a 2 6TA 1 (r ? ))F(/ l2 )] 

-F-Hlr^C-^ia) " M(i£i) 2 + fe) 2 + (i^) 2 )(-i^2)](F(h 21 ) + F(h 22 ) + F(h 23 )) 
+[rt&(-t&a) - ^((^i) 2 + fe) 2 + fe) 2 )(e 2 2 + ab) + a 2 6r](F(/i 24 ) + F(h 25 ) + F(/* 26 )) 

+ M6H£ 3 a) - ^((^l) 2 + (^2) 2 + (^3) 2 )(-^2^3)](^(/i27) + ^(M + F(h 29 ))} , 

w 24 = -[rer 5 -/i(ei 8 + ei 9 + e 4 o) + ei 3 + ei 4 + ei 5 ]F- 1 [(a 2 6TA 1 (77))F(/i 2 )] 

-F-^T^HCia) - Ai((^i) 2 + fe) 2 + (i£3) 2 )(-itii&)](F(h 2 i) + F(h 22 ) + F(h 23 )) 
+[rte 3 (-i&a) - ^((^i) 2 + fe) 2 + fe) 2 )(-^2^3)](i ? (/i2 4 ) + F(h 25 ) + 
+[Ti6(-i6a) - /u((i6) 2 + fe) 2 + fe) 2 )(e 3 2 + ab) + a 2 b T ](F(h 27 ) + F^g) + F(h 29 ))} , 
^25 = efF- 1 [(a 2 6r^i(7 ? ))F(h 2 )] = F" 1 ^^! + ab){F(h 21 ) + F (h 22 ) + F (h 23 )) 
-i^iUF(h 24 ) + F(h 25 ) + F(h 26 )) - itii&(F(h 27 ) + F(h 28 ) + F(/i 29 ))]} , 
^26 = e 2 r F- 1 [(a 2 6r^ 1 (r ? ))F(/i 2 )] = F- 1 {^3[(£i 2 + a6)(F(/ l21 ) + F(/i 22 ) + F(/i 23 )) 
-ieii6(F(/i 24 ) + F(h 25 ) + F(h 26 )) - i^iiUF(h 27 ) + F(h 28 ) + F(h 29 ))]} , 
w 27 = e 3 F~ l [(a 2 bTAi(ri))F(h 2 )} = F' 1 ^ 2 + ab)(F(h 21 ) + F(h 22 ) + F(h 23 )) 

-i^ 2 (F(h 24 ) + F(h 2B ) + F(M) " ^(^(M + F(M + ^(M)} , 
^28 = elF-^aHrA^F^)} = F^ii^-i^i^Fih^) + F(h 22 ) + F(h 23 )) 

+(£ 2 + ab)(F(h 24 ) + F(h 25 ) + F(/ l26 )) - i&i&(F(hvr) + F(h 28 ) + F(h 29 ))}} , 
w 29 = ei , F- 1 [(a 2 6rA 1 (r/))F(/ i2 )] = F" 1 ^ [-^1*6(^(^21) + ^22) + F(h 23 )) 

+ (e 2 2 + ab)(F(h 24 ) + F(h 25 ) + F(/i 26 )) - i^ 3 (F(h 27 ) + F(h 28 ) + F(/i 29 ))]} , 
™2io = e^F- 1 [(a 2 6r,4 1 (r ? ))F(/i 2 )] = F- 1 {^3[-iei^2(i ? (/i2i)+F(/i 22 )+F(/i 23 )) 

+ (e 2 2 + ab)(F(h 24 ) + F(h 25 ) + F(h 26 )) - i&Z 3 (F(h 27 ) + F(h 28 ) + F(h 29 ))}} , 
W211 = F" 1 [{a 2 bTAi(rf))F(h 2 )] = F^i-i^i^F^i) + F(h 22 ) + F(/i 23 )) 

+ (C 2 2 + ab)(F(h 24 ) + F(h 25 ) + F(/i 26 )) - i^ 3 (F(h 27 ) + F(h 28 ) + F(h 29 ))} , 
^212 = e 8 "F- 1 [(a 2 6r^ 1 (r ? ))F(/ l2 )] = F" 1 ^! [-^3(^21) + ^22) + F(h 23 )) 

-i&UF(h 2 4) + F(h 25 ) + F(h 26 )) + (£1 + ab)(F(h 27 ) + F(/i 28 ) + F(/i 29 ))]} , 
^213 = e 9 r F- 1 [(a 2 6r^ 1 (r ? ))F(/ l2 )] = F" 1 {ifo [-^1^3(^(^21) + ^(^22) + F(h 23 )) 

-^2^3(^(^24) + F(/ i25 ) + F(/ l26 )) + (Cl + ab)(F(h 27 ) + F(/i 28 ) + F(/i 29 ))]} , 
^214 = ef F- 1 [(a 2 6r^ 1 (r ? ))F(/ l2 )] = F^ife [-^1^3(^(^21) + ^(^22) + F(/i 23 )) 

-^2^3(^(^24) + F(/i 25 ) + F(/i 26 )) + (^ + ab)(F(h 27 ) + F(/ l28 ) + F(/ l29 ))]} , 
^215 = ef 1 F- 1 [(a 2 6rA 1 (r ? ))F(/i 2 )] = F" 1 (^(^21) + F(/i 22 ) + F(/i 23 )) 

-^2^3(^(^24) + F(/i 25 ) + F(h 26 )) + (e 3 2 + ab)(F(h 27 ) + F(/ l28 ) + F(/ l29 ))} , 
^216 = ef 6 F- 1 [(a 2 6rA 1 (r ? ))F(/i 2 )] = F" 1 {-^ia(i ? (/i2i) + F(h 22 ) + F{h 23 )) 

-i&a(F(h 24 ) + F(h 25 ) + F(/i 26 )) - i^a(F(h 27 ) + F(h 28 ) + F(^ 29 ))} . 
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Because h 2 = h 2 I K ' 1 G C 2 [0, T) f| C 00 ^) , we can get 



, , dh 2 dh 2 

F- l (i^F(h 2 ))=F-\F(—)) = — , 

for the same reason we can get 

-, dh 2 1 dh 2 , dh 2 

F-\i^F(h 2 )) = — , F-\i&F(h 2 )) = — , F-\i^F(h 2 )) = ^- . 

If we assume h 3 i = h 2 i + h 22 + h 23 , h 32 = /i 24 + h 25 + h 2G , h 33 = h 27 + h 28 + h 29 , then we can get 
the following. 

d 3 ^! d 3 h 31 d 3 h 32 d 3 h 33 d 3 h 3X d 3 h 3l d 3 h 32 d 3 h 33 



21 dx\dx\ dxidx 2 dx\dx 2 dx 2 dx 3 ' 22 dtdx\ dtdx 2 dtdx\dx 2 dtdx\dx 3 

d 3 h 32 d 3 h 32 d 3 h 31 d 3 h 33 d 3 h 33 d 3 h 33 d 3 h 31 d 3 h 32 

w 23 = — 9 + — k - 7777; — k 7777; — 5 — , w 24l = — 9 + 



dtdx 2 dtdx"^ dtdx\dx 2 dtdx 2 dx 3 ' dtdx 2 dtdx 2 , dtdx±dx 3 dtdx 2 dx 3 

d 3 h 31 d 3 h 31 d 3 h 32 d 3 h 33 d 3 h 31 d 3 h 31 d 3 h 32 d 3 h 33 

W2b = o q + T[ - n 7T^ ~ ^ ?[ ~ , ^26 = TT^ h 



dx 2 dx% dx\dx\ dx\dx 2 dx 3 ' 9x19x3 9x 3 dx\dx 2 dx 3 dx x dx 2 

9 2 /i 3 i 9 2 /i 3 i d 2 h 32 d 2 h 33 d 3 h 32 d 3 h 32 d 3 h 31 d 3 h 33 

W27 = o 9 + o o n o ) ^28 = o + 



9x| 9x| dx\dx 2 dx\dx 3 ' 9x3 9xi9x| dx\dx 2 dx\dx 2 dx 3 

d 3 h 32 d 3 h 32 d 3 h 31 d 3 h 33 d 3 h 32 d 3 h 32 d 3 h 31 d 3 h 33 

W 2 9 — - r, h — — p — — — 7y — ~ ? , ^210 — K ?M h 



dx\dx 2 dx 2 dx 2 dx\dx\ dx\dx 3 ' 9xf9x3 9xg dx\dx 2 dx 3 dx 2 dx\ 

d 2 h 32 d 2 h 32 d 2 h 31 d 2 h 33 d 3 h 33 d 3 h 33 d 3 h 31 d 3 h 32 

W 2 U = - 9 + - 9 - T\ n n ^ J ^212 = K 5 + 



9x 2 9x| dx\dx 2 dx 2 dx 3 ' 9x^ 9xi9x 2 dx 2 dx 3 dx\dx 2 dx 3 ' 

9 3 /i 33 9 3 /i 33 9 3 /i 3 i 9 3 /i 32 9 3 /i 33 9 3 /i 33 9 3 /i 3 i 9 3 /i 32 

^213 = 7T^ 1" n ~ o o n > ^214 = 7T^ h 



^215 



dx\dx 2 dx 2 dx^ dx\dx 2 dx 3 dx\dx 3 ' dx 2 dx 3 dx 3 dx±dx 2 dx 2 dx 3 

d 2 h 33 d 2 h 33 d 2 h 3l d 3 h 32 

dx 2 dx\ dx\dx 3 dx 2 dx 3 



_i Ai d 2 h 32 d 2 h 33 fi dAh 31 dAh 32 dAh 33 

W216 t dtdxi dtdx 2 dtdx 3 r 9xi 9x2 9x3 

We can see that W 2 is the function to do the partial derivation with the components of h 2 no more 
than the third order and their linear combination, moreover no more than the first order with the 
variable t . Hence H[F~ 1 {A l {r])Z l )] = H[F- 1 (A 1 (r t )Z 1 )]I Ki G C 1 ^) . 

Now we can get H[F~ l {Y 1 + A^Z^] = H[F^ l {Y 1 + (77)^1)]/^ G C l {K[) , if Z x G VL 2 , this 
means that £l 2 C £l\ , moreover the components of F~ l {f{Z\)) are all in the H[F~ l (Y~i-\- Ai(rj)Zi)] , 
hence f{Z\) G ^2 , if Z\ G Q2 • And we can get if Zi £ f2i and Zi = j{Z\) , then Zi £ £l 2 . 
Secondly we prove the fixed-point of f(Zi) is exist, where Z\ £ Vt 2 . In order to discuss more 
conveniently, we assume fj{Z x ) = F[F~ 1 (aJ 1 (Yi + A l {r])Z l ))F^ l {a] 2 {Y 1 + A\{ji)Z x ))] , 1 < j < 9 , 
where an = e 3 , a 2 i = e 7 , a 3 i = en , a 4i = e 3 , a 5i = e 7 , a 6 i = en , an = e 3 , a 8 i = e 7 , 
«9i = en , 012 = -ai , a 2 2 = &i , a 32 = e 2 , a 42 = e 4 , a 52 = e 5 , a 6 2 = e 6 , a 72 = e 8 , 
«82 = eg , ag2 = e 4 o , and ot\ = e§ + eio , &% is the it/i 55 dimensional unit coordinate vector, 
1< i < 55 . 
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And we assume the compact set Qc of C(K[) as follows. 

Q c = {hi\ hi G C(K[) , 3 M > , such that \h x \ < M , moreover 3C >0 , 0< a < 1 
such that V Xt , x' t G K[ , \h\{xt) — h\{x' t )\ < C\xt — x' t \ a .} , 
where hi = (/iy)9xi , |^i| = max \hij\ , \hu\ = max \hu(xt)\ , x t = (t, xi, x 2 , x 3 ) 

l<j<9 x t £K[ 



T 



From the Arzela-Ascoli theorem, we know Qc 1S a compact set. And we assume M in the £lc satisfy 
the following. 

M 

max{ iF-^aJln)! ,\F~\aj 2 Yi)\ AF' 1 (aj^F' 1 (aj 2 Yi)\} < — , where 
IF-Vji^i)! = max |F~ 1 (aj;y 1 )(x t )| , \F~\a] 2 Yi)\ = max \F~ X {a] 2 Yi){x t )\ , 
{F-^YjF-^ajzYJl = max |F" VJi^)(^~VJ 2 ^i)(^)| , 1 < j < 9 . 

x± 

We assume V x £ , x£ G if{ , V j , 1 < j < 9 , 3 C\ > , such that 

|F- 1 («J 1 F 1 )(x t ) - F- 1 («J 1 r 1 )(4)| < d|x t - , 
|F- 1 («J 2 F 1 )(x t ) - F-\aj 2 Yi)(x' t )\ < d\x t - x' t \ a , 

iF-^alY^F^iaj.Yi^xt) - F~ VJ^lX^"^^)^)! < Ci\x t - x' t \ a . 

Next we assume g{hi) = F~ 1 [f(F(hi))], and g^hi) = F~ 1 [/ j (F(/ii))], 1 < j < 9 , where hi G C . 

We will prove that the fixed-point of g(hi) is exist, if m(Ki) is small enough, where m{Ki) is the 

Lebesgue measure of Ki . Moreover we can get hi G C 1 (ii"{) , if hi = g{hi) and hi G flc ■ 

We only need to show \gj(hi)\ < M , moreover V xt , x£ G K[ , we can get 

\gj(xt) — gj{x' t )\ < C\x t — x' t \ a , 1 < j < 9 , if m(Ki) is small enough. We can see that 

9j (hi) = F-^aj^Yi + Aii^Fihi^F^iaKYi + Aii^Fihi))] , 

= F- 1 {a^ l Yi)F-\a^ 2 Yi) + F~ VJi*i)^~VJ 2 ^i(^(M) + 
F- 1 {a] 2 Yi)F~\alAi{r ] )F{hi)) + 
F- 1 (aJ 1 A 1 (, ? )F(/ ll ))F- 1 (aJ 2 A 1 (r ? )F(/ ll )) , 

and from the lemma 3.1 , we can get 3 /i 2 = h 2 lK' ± G C^fO, T] C°°{Ki) , such that 

9j (hi) = F-^aj^F-^aj^ + F-^aj^F-^a^Aii^brF^)) + 
F- 1 (aj 2 Yi)F- 1 (aj 1 Ai(? ] )a 2 bTF(h 2 )) + 
F- 1 (aJ 1J 4 1 (7 ? )a 2 6rF(/i 2 ))F- 1 (aJ 2 Ai(r ? )a 2 6rF(/i 2 )) 
= F-^aj^F-^a^Yi) + F" 1 (aj^W^) + 
F'^aJ^Wjiihi) + ^1(^2)^2(^2) , 

where = F~ VJi(a 2 ^i(r?))F(/i 2 )) , W^fa) = F- 1 (aJ 2 (a 2 6r,4 1 (r ? ))F(/ l2 )) , 1 < j < 9 , 

and on = e 3 , a 2 i = e 7 , a 3 i = en , a 4i = e 3 , a 5 i = e 7 , a 6 i = en , a n = e 3 , a 8 i = e 7 , 
«9i = en , ai2 = — ai , a 22 = ei , a 32 = e 2 , a 42 = e 4 , a 52 = e 5 , a 62 = e 6 , a 72 = e 8 , 
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a 82 = e 9 , a 92 = e 10 , and 
1 < i < 55 . And we can get 



ai = e§ + eio , e.% is the ith 55 dimensional unit coordinate vector, 
the following. 



F~ 



F~ 



F~ 



F~ 



F- 1 
F -i 

F -i 
F~ l 



F~ 



al x Y x 



"ii Y\ 



"52*1 



«62 y i 



"81^1 



"91^1 



"92^1 



1017 



Win 



^15 



^115 



^16 



W 17 



Wis 



Will 



Wig 



Wii 5 



who 



Wl 7 



win 



win 



Win 



WH5 



WU4 



d 2 F 2 i d 2 F 3 i 
+ 



d 2 F 



11 



d 2 F 



dxidx2 
d 3 F 2 i 



+ 



dxidx 3 
d 3 F 3 i 



dx\ 



dx 2 



d 3 F 



u 



d 3 F, 



ii 



+ 



31 



dx 2 dx 2 dx 2 dx 3 

d 2 Fu d 2 F 
dxidx 2 
d 3 F 2 i 



dxidx 2 



2 dxidx 2 
d 2 F 2 i 8 2 F 2 i 



dx 2 dx 3 
d 3 F 3 i 
dxidx\ dxidx 2 dx 3 

d 2 Fn d 2 F 2 i 
■ + 



+ 



dx 2 
d 3 Fu 
dx 3 . 



dx 2 



d 3 F 



11 



dx 2 dx\ 



d 2 F 3 i d 2 F 3 i 



dxidx 3 dx 2 dx 3 



d 3 F 
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d 3 F 



■ + 



.31 



dx 2 

d 3 Fu 



dx\ 



d 3 ^ 



ii 



dxidx 2 dx 3 dxidx 2 dx 2 dx 3 

8 2 F 2 i d 2 F 3 i 8 2 Fu 8 2 F 
+ 



ii 



dxidx 2 

d 3 Fn 



+ 



dxidx 3 

d 3 F 3 i 



dx\ 



dx 2 



d 3 F 21 d 3 F 



21 



dx 2 dx 2 dxidx 2 dx 3 dx 3 



dxidx'i ' 



d 2 F 



d 2 F 3 i d 2 F 2 , d 2 F 



dxidx 2 

d 3 Fn 



+ 



21 



+ 



dx 2 dx 3 

d 3 F 3 i 



dx\ 

d 3 F 2 i 



dx 2 



d 3 F< 



21 



dxidx\ dx\dx 3 

d 2 Fu d 2 F 2 i 
■ + 



dx 2 dx 2 dx 2 dx 2 
d 2 F 3 i d 2 F 3 i 



dxidx 3 dx 2 dx 3 dx 2 



<9 3 Fi 



ii 



d 3 F 



■ + 



.31 



dx\ 

d 3 F 2 i d 3 F 



21 



dxidx 2 dx 3 dx 2 dx 2 dx 2 dx 3 

8 2 F 2 i 8 2 F 3 i d 2 Fn 8 2 F U 
+ 



dx 3 



dxidx 2 
d 3 Fu 



+ 



dxidx 3 
d 3 F 2 i 



dxk 



dx 2 



d 3 F 3 i d 3 F 



.31 



dx\dx 3 dxidx 2 dx 3 dx 3 dxidx\ 
d 2 Fn 8 2 F 3 i d 2 F 2i 8 2 F 2 i 



dxidx 2 

d 3 Fn 



+ 



dx 2 dx 3 
d 3 F 2 i 



dx 2 



dx 2 



d 3 F 3 i d 3 F 



■ + 



31 



dxidx 2 dx 3 dx\dx 3 dx\dx 2 dx\ 



o 2 f 



+ 



d 2 F 2 i d 2 F 3 i d 2 F, 



31 



dxidx 3 dx 2 dx 

d 3 Fu d 3 F 2 i 
■ + 



dx 2 

d 3 F 3 i 



dx\ 



d 3 F 



31 



dxidx 2 dx 2 dx 2 dx\dx 3 dx\dx 3 
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Fji(t,M) 
F jv {t,M 



Wi 2 l 

W 2 n 



h 2 ) 
h 2 ) 
h 2 ) 



II • 



221 



31 1 



32 \ 



ill 



ir 



121 

w 52 l 

Wen 



(i2l 



II": 



7H 



II": 



721 



W 8 i( 
W 82 i 



Wc 



91 \ 



w 92 



( 



Fjv(Ti,yi,y 2 ,y 3 ) 



2 y/W JO J R 3 

_l_ f Fj(t,M) 
4vr J Kl r M M 
d 2 h 3 i d 2 h 



w 27 



w 2 i 



w 2 n 



W25 



W 2 l 5 



W 2 Q 



W 27 



W 28 



W211 



W 2 9 



W 215 



W210 



W 27 



W 2 \ 2 



W 2 \\ 



W 2 \ 3 



^215 



W214 



+ 



n) 3 

dx\dx 2 dx 3 , 1 < j < 3 
31 d 2 h 32 d 2 h 33 



(xi-Vl) +(*2-y2) +(^3-y3) 
4f»(*— T.) 



Sx 2 . 



d 3 /i 



31 



cteiSx 2 , 



+ 



dx\dx 2 <9xi<9x 3 ' 

0%1 <9 3 h 3 2 <9 3 /l 33 



<9 2 /l 32 <9 2 /l 32 

dx 2 



dxidx 2 dx 2 dx 2 dx\dx 3 
d 2 h 31 d 2 h 33 



dx 2 
d 3 h 3l 
8x2 
d 2 h 



d 3 h 



+ 



31 



<9x2<9xo 



dx\dx 2 
d 3 h 32 
dx\dx\ 



33 



d 2 h 



dx 2 
d 3 h 3l 
dxndx 3 



+ 



33 



31 



dx 2 dx 3 

d 3 h 33 
dx\dx 2 dx 3 ' 

9 3 /i32 



+ 



dx\ 
d 3 h 31 
dx\ 



dxidx% 
d 3 h 32 



dx 2 dx 3 ' 
d 3 h 33 



d 2 h 31 d 2 h 31 
■ + 



dx\dx 2 dx 3 dx\dx 2 ' 
d 2 h 32 d 2 h 33 



dx 2 



d 3 h 



32 



dx 2 
d 3 h 



32 



<9x 3 



32 



9x1 



+ 



d 3 h 



+ 



a 2 /i 



+ 



dx 2 . 



dx 2 
d 3 h 32 
dx\dx 2 
d 2 h 33 

dx 2 

d 3 h 32 
dx 2 dx 3 
d 2 h 31 d 2 h 3l 
dx\ 
d 3 h 33 

dx'f 



32 



dx\dx 2 
d 3 h 31 
dx\dx 2 
d 2 h 31 
dx\dx 2 

d 3 h 3l 



dx\dx 3 ' 

#^33 



dx\dx 2 dx 3 
d 2 h 33 



dx 2 dx\ 



dx\dx 2 



dx 2 dx 3 
d 3 h 33 
dx%dx 3 



33 



d 2 h 



31 



2 

9 3 /l 3 2 



d 3 h 



+ 



32 



<9xi9x3 dx 2 dx 3 

d 3 h 3l d 3 h 33 



<9Xg 



9xi(9x29x3 9x29xg ' 

3^32 C* 2 ^ 



'33 



<9x 2 
d 3 h 



■ + 



33 



dx\dx 2 

d 3 h 31 



dx\dx 3 

d 3 h 32 



d 2 h 



32 



+ 



dxi<9x 2 

#^32 



dxidx 2 dx2 



d 2 h 



33 



9x§ 
d 3 h 



+ 



<9x 2 

#^33 

dx\dx 2 
d 2 h 33 d 2 h 33 
dx 2 



33 



<9x 2 <9x3 

a 2 fe3i 

dx\dx 2 dx 2 dx 3 

d 3 h 31 d 3 h 32 



dx 2 dx 2 dx\dx 2 dx 3 

d 2 h 31 d 3 h 32 



dx! (9X3 



<9x 2 

^33_ 

<9x 2 <9x 3 



a 3 /i 



+ 



33 



<9x 3 



<9xi<9x3 
d 3 fr 3 l 

dxidx 2 
24 



dx 2 dx 3 ' 

9 3 /l32 

9x2 <9x?. 



dyidy 2 dy 3 dn 



where h 2 = (h 2j ) 9xl , and h 31 = h 21 + h 22 + h 23 , h 32 = h 2i + h 25 + h 26 , h 33 = h 27 + h 28 + h 29 . 
Hence we can get Wji(h 2 ) , Wj 2 (h 2 ) , 1 < j < 9 , are the functions to do the partial derivation with 
the components of h 2 no more than the third order and their linear combination, moreover only do 
the partial derivation with the variables x± , x 2 , x 3 . From the lemma 3.1 , we know 

v(t,M ) = [ ^—^— dx\dx 2 dx 3 , where M = (x 1 ,x 2 ,x 3 ) , M = (x 10 , x 20 , x 30 ) , 

4vr J Kl r MMo 

r MM = V (Xl ~ X W ) 2 + (x 2 - X 20 ) 2 + (x 3 - X 30 ) 2 , 



h 2 (t,M) = (-=y / / 7^7=^ ' e dy 1 dy 2 dy 3 dT 1 

2\/nJi Jo Jr? Wt-Tir 

And we can get the lemma as follows. 

Lemma 3.2 3 Mt, i > , V h\ £E fic , we can get the following. 

dh 2 dho Pit- 

1-5-1. fel. I-^I>s 



where 



hi = (h lm ) 9xl , h 2 = h 2 (t, M) = {h 2m (t, M)) 9xl , \h 2 \ = max max \h 2m (t, M)\ , 

l<m<9(t, M)e K[ 

t dh 2 , t dh 2m (t, M) dh 2 , t dh 2m (t, M) 

— — = max max , — — = max max , 

Ot l<m<9 (t, M)G K{ Ot dXi l<m<9 (t, M)6 K[ OXi 

g dh 2 g dh 2m (t, M) 

I dx; i | dXi i , r , T r \ 1 / 1 



dx- 1 /" 1 
max max I — — I , .MYifi) = max — / dx\dx 2 dx 3 . 

<m<9(t, M)e K[ dt M €K! 4tt J k r M M 



dt l<m<9 (t, M)G K[ dt M eKi 4tt J Kl rMM 

Proof of lemma3-2. We denote h 2m = h 2m (t, M) , 1 < m < 9 , and we assume v(t, M) = (i> m )g x i > 
where v m = v m (t, M) , then from the lemma 3.1 , we can get V m , 1 < m < 9 , 

u m (t,M ) = / hlmtyt ' M ^ dxidx 2 dx 3 , where M = (xi, :e 2 , £3) , M = (x 10 , x 20 , x 30 ) , 

4vr J Ki r M M Q 



rMM 



\J (xi - x w ) 2 + (x 2 - x 20 ) 2 + (x 3 - x 30 ) 2 



u (-t- \jf\ i 1 ^3 f [ v m(n,yi,y 2 ,y3) - <^=sn +^- TO > 

h 2m {t, M) = (—— = y / — — e *mC*-d dyidy 2 dy 3 dri . 

if h\ G fie* , then we can get 

1 /" 1 

km ^ l^iml — / dx\dx 2 dx 3 < MM(K\) , 

4vr J Xl rMM 



moreover 



where 



h 2m \ < (r— p=) / / ? 7=44 e 4 *<*-^ dy x dy 2 dy 3 dT X < TMM(K 

%Vni Jo Jr* Wt-nr 

If 1 

M(ifi) = max — / dx\dx 2 dx 3 . 

m gk 1 4tt J Ki r M M 



25 



And we know 



dh 2m 1 „ f v m (T 1 ,y 1 ,y 2 ,y 3 ) ^ in=m£+ippif±S^ml 

hm ( ) / — e *m(*-ti) dy\dy 2 dy 3 + 



dt Ti-¥t 2yJWJl J R 3 (y/i — ti) 3 

^mf^l, 2/1,2/2, 2/3 ) (^l-«l) 2 + (^2-y2) 2 + (x 3 -!/3) 2 

t <9( e 4f(*-ri) ) 

(^) 3 / / m dy^dyzdn . 

2v/^ 7o Jr 3 dt 



If we let yj = Xj + 2-y/ n(t — T\)9j , j = 1 , 2 , 3 , then we can get as follows, 

^ = lim (^) 3 / v m (Tt, Xj + 2(y/^t-r 1 ))e j , j = 1, 2, 3, ) e~^ e ^de 1 de 2 de z + 

/ 1 \3 /** f ~ 3 v m {T 1 ,y 1 ,y 2 ,y 3 ) _ (»i-»i) 2 +(» a - W )»+(.3-»3) a 

/ / -s / a ^ — e " ( 1} dy 1 dy 2 dy 3 dT X + 

Jo Jr 3 2 (V* - n) 5 

/ ->_\3 /"* /" 2/1,2/2,2/3) r", ^2 - r *7*£ i ~V ) '' j AAA 

(tt^=) / / , , n y r lk x i - Vi) e 4M(t_Tl) dy x dy 2 dy- i dT 1 . 

Jo Jr? 4/i(V*-ri) 7 ^ 



If we let j/j = Xj + 2y^Z(^/ (t — ti)) 5 6j , j = 1 , 2 , 3 , to the second integral, and we let 

2/i = x j + 2y / iu(\/ (* — r i)) 7 #j , J = 1 > 2 , 3 , to the third integral, then we can get as follows, 

^ = v m (t, Xl ,x 2 ,x 3 ) + (±f ft ^vgHt-n)*e-W(W^d0 1 d0 a d0 s d ri + 
dt V 71 " Jo Jr 3 2 



where 



«(!) - v 



-U 3 f ! v$(t - ri) U {0l + el + # 3 2 ) e-^-^^+^de^desdn , 

V 71 " ^0 iR 3 



(n,x J +2^(V(t-r 1 )) 5 ^,j = 1,2,3,) , V P) = w m (ri,a; j +2^(\/(* " n)) 7 %,j = 1,2,3,) . 



Hence we can get 
, dh 2m 



< MM(ifi) + d) 3 f / -MM(^i)(t- n ) 5 e-^^^+^+^dMMMri + 

(1)3 f* f MM(K 1 )(t - n) 14 (0 2 + e 2 2 + 3 2 ) e -(*-^) 6 ^ + ^)c»ide 2 dfl3dri . 
V 71 " Jo i/? 3 



'0 JR 3 

We assume </?i(i, ri) , f 2 (t, n) as follows, 

^(t, n) = / (t-n) 5 e-^ t - T ^ +6 ^de 1 de 2 de 3 , 

Jr 3 

Mt, n) = [ (t - Tl f\el + el + el) e-^ 6 ^+ 6 ^de 1 de 2 de 3 . 

Jr 3 

We can see that ipi(t, n), ip 2 (t, n) are continuous about i, n on the region < n < t , < i < T , 
hence they are bounded on the region < Ti < i , < t < T . We assume there exist M' > , such 
that {(pxit, n)\ < M' , \ip 2 (t, n)\ < M' , where < n < t , <t<T . Hence we can get 

dh 2m I ., 5 

I--— I < MMiKi) + (^) 3 - TMM(K\)M . 

Ot y/TT 2 
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And we know 



(-2)(a; i - yi) e w-n) dy 1 dy 2 dy 3 dT 1 



dxi 2 y /WJI J J R 3 4/j,(^t - Ti) 5 



If we let yj = Xj + 2y^x(^/ (t — ti)) 5 6j , j = 1 , 2 , 3 , we can get the follows, 

o Jr 3 



We assume ^(t, t\) as follows, 

ti) = / {Vt^[) l % e-^W +9 ^d0 ld e 2 d8 3 , 
J R 3 

We can also see that <P3(t, n) is continuous about t, n on the region < Ti < i , < i < T , hence 
it is bounded on the region < ti < i , < t < T . We assume there exist M" > , such that 
\<P3(t, n)\ < M" , where < n < i , 0<t<T . Hence we can get 

dXi y/TT yffl 

At last we see from 
dh 2m 



0- 



dxi v t 1 \3 f v m (T 1 ,yi,y 2 ,y 3 ) , oW x " j)2 , , . 

1 3 /* I ^VUV^) (B)(X| _ w) e-^^^^ + 

Jo Jk 3 16^(Vt-ri) 9 ^ 



If we let yj = Xj + 2^/Jl{^ (t — Ti)) 5 6j , j = 1 , 2 , 3 , to the first integral, and we let 

Vj = x j + 2y / /i(^/ (t — T\)) 7 9j , j = 1 , 2 , 3 , to the second integral, j/j = Xj + 2y / 77(-\ v / (t — ti)) 9 0j 

j = 1 , 2 , 3 , to the third integral, then we can get as follows, 



gdh 2m 
dxj 

at 



(-^) 3 T / ^(V^) 21 (5)0, e-C^J'^-^c^dwic^dTi + 
V 71 " Jo Jr 3 

1 ft f 0,( 3 ) 

(-^) 3 / / ^{y/t^^e^ + ^ + ^e-^'^^dyudysdri, 
V 71 " Jo Ji? 3 



where 



„(3) _ y 



(T 1 ,X j +2y/fi(y/(t-T i )) 9 e j ,j = 1,2,3,) 
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We assume tp^t, ri) , (fs(t, n) as follows, 

iff 3 

n)= / (Vt^) 45 ^(^ + ^ + ^)e- (t - Tl)8( ^ +ei+e32) ^ 1 ^ 
iff 



We can see that ip4,(t, ri), y>5(i, Ti) are continuous about t, n on the region < ti < i , < i < T , 
hence they are bounded on the region < ti < i , < i < T . We assume there exist M'" > , 
such that |</? 4 (i, n)| < M"' , |</? 5 (f, n)| < M'" , where < n < £ , < i < T . Hence we can get 

dh 2m 

~FW~ 1 „MM(Ki) i „ 7 

I— p- | < (— ) 3 ^— M" + (^) 3 ^ TMM(Kx)M . 

If we let 

1,5 1 Q T i M 1,7 

M T i = max{TM , M+(—) 3 -TMM' , (— ) 3 MM" , (— ) 3 M" + {— ) 3 TMM'"} , 

Vtt 2 y tt vA* V 71 " v 71 " 2 v / / : ' 

then we can get 

SS{W • I-5T i ■ is: i • i-r » s **•..«<*>>• 

Hence the lemma is true. 

Corollary 3.3 3 Mp 2 > , V h\ € , we can get the following. 

a d 2 h 2 d 3 h 2 
o-z — » — n1 , a- 



max [ I g2/t2 I I dx i dx i I I d 3 /t 2 , dxjdxjdxk d A h 2 2 M(ifi) 

i, j, fe, 2 dxidxj ' <9i ' dxidxjdxk ' 5t ' dxidxjdx^dxi ~ 



where 



d 2 h 2 d 2 h 2m {t, M) 

h\ = {hi m ) 9xl , /i 2 = /i 2 (i, M) = (/i 2m (i, M)) 9x i , I I = max max 



dxidxj i<m<9 (t, M)e K[ dxidxj 



Q d 2 h 2 d 2 h 2m (t, M) 

o- — - — 



dxidxi . . dxid Xj d 3 h 2 t d 3 h 2m (t, M) 

I = max max , — — - — - — = max max — — - — 

Ot l<m<9 (t, M)e K[ Ot OXiOXjOXk l<m<9 (t, M)e K[ OXiOXjOXk 

a d 3 h 2 J 3 h 2m (t, M) 

a 

dxidxjdxk dxidxjdxk 1 f 1 , , , 
— = max max — — , M{K\) = max — / dx\dx 2 dx-z , 

dt l<m<9 (t, M)e K[ Ot MoSffi All J Kl TMM Q 

d 4 h 2 d 4 h 2m (t, M) 



max max |— — - — - — - — | , 1 < i, j, k, I < 3 . 



dxidxjdxkdxi i<m<9 (t, M)e K[ dxidxjdxkdxi 
Corollary 3.4 3 Mr, 3 > , V hi € , we can get the following. 
dWn(h 2 ) dW. H (h 2 ) 

max{ \Wji{h 2 )\ , I , I £ ' \ , 1 < j < 9 , 1 < I < 2 , 1 < i < 3 .} < Mr, 3 M(#i) . 
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From the corollary 3.4 , we can get 



\W 3 i(h 2 ){x t ) - Wji(h 2 ){x' t )\ < 4M T , 3 M(K 1 )\x t - x' t \ < M r , ^(K^xt - x' t \ a , V x t , x\ G K[ , 
where 



1 < J < 9 , 1 <l < 2 , M T , 4 = 4M T , 3 max \x t - x t 

x t , x' t £K[ 



I \l—a 



Now we can get 



\gjih!)] = iF-^ajjY^F-^aj^) + F" 1 {a^W j2 {h 2 ) + 
F- 1 (c^ 2 Y 1 )W jl (h 2 ) + W 3l {h 2 )W 32 {h 2 )\ 
M M 



And from 



9j(hi)(x t ) -gj(hi)(x' t ) 
= F-^aj^ix^F-^aj^ixt) + F^iaj^x^W^h^xt) + 
F-^aj^ix^Wj^h^xt) + ^i^s)^)^^)^) - 
[F-^aJlyOCxJjF- 1 ^!)^) +F-\ a j 1 Y 1 )(x' t )W j2 (h 2 )(x' t ) + 
F- 1 (aJ 2 F 1 )(x0^i(/i 2 )(xO + W i i(^)(x0^2^ 2 )(x0] 

= F-\a${Vi)(x t )F-\c$ 2 Yi)(xt) - F-\a) v l Y l )(x' t )F- 1 {a] v 2 Y l ){x' t ) + 

F~ X ( a JiYi)(xt) (Wj2 (h 2 ) (xt) - W j2 (h 2 )(x' t )) + (F^ 1 (aJ 1 Yi)(xt) - F-\a) T 1 Y 1 ){x' t ))W ]2 {h 2 ){x l t ) + 
F-Haj^XxtXW^h^xt) - W 3l (h 2 )(x' t )) + (F-^aj^Xxt) - F-\a j r 2 Y l ){x' t ))W n {h 2 ){x' t ) + 
W 3l (h 2 )(x t )(W j2 (h 2 ){x t ) - W j2 (h 2 ){x' t )) + {W 3l {h 2 )(x t ) - W 3l {h 2 ){x' t ))W j2 {h 2 ){x' t ) , 

we can get 

M 

\g 3 ihi)(xt)-g 3 ihx){x' t )\ < {d+2[—M T , 4 M(#i)+Ci Mr, 3 M(K 1 )+M T , 3 M T , 4 M(^i) 2 ]}|x t -^| a , 
1 < j < 9 . Hence g(/ii) = (ffj(/ii))gxi G > if the followings are true. 
M M 

T 

M 



_ + 2— M T , 3 M(Ki) + [M T; sM^)] 2 < M , 



(3.8) 



Ci + 2[— Mr, 4M( J PCi) + Ci Mr, ^{Kx) + Mr, 3 M Tj 4 M(^i) 2 ] < C . 



We know M(ifi) — 5- , if m{Ki) — > , where m{Ki) is the Lebesgue measure of K\ . Hence (3.8) 

are true if m(K\) is small enough and we assume C > 2C\ . 

At last we need to prove the mapping T : h\ — > g(hi) is continuous about h\ . 

We assume — h\\ — > , when n — > +00 , and , G , n > 1 , from the lemma 3.1 we 

know that there exist h 2 n) = h 2 n) I K[ G C^O, T] f) C°°(ifi) , ^ = G C^O, T] f| C°°(Ki) , 
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such that F(/iS n) ) = clHtFQi^) , F(h\) = a 2 brF(h* 2 ) , where 

i> (n) (t,M ) = -— / -1 dxidx 2 dx 3 , and M = (xi, x 2 , x 3 ) , M = (x l0 , x 20 , x 30 ) 

47r Jk 1 r MM 



K'{t,M) = (-—r / / ; fr^-tl * dy.dy.dy.dn , 

v*(t,M ) = -— / -J— - dxidx 2 dx 3 , and M = (xi, x 2 , rE 3 ) , M = (zio, x 2 o, ^30) , 

4vr J Kl r M M 

h* 2 (t,M) = (-—f / 1 l^^M e dyidyidysdn . 

From the Lebesgue dominated convergence theorem, we can get M n ) - u*| —7- , when n — >• +oo . 
And we know the partial derivation of /i 2 which is no more than the third order, only do the partial 
derivation with the variables xi , x 2 , x 3 , can pass through the integral. Again from the Lebesgue 
dominated convergence theorem, we can get when n —> +oo , 

(n) , dh { 2 n) dh\ a 2 4 n) d 2 h* 2 

2 2 ' dxi dxi ^ ' ^ dxidxj dxidxj ^ 

d 3 h 2 n) d 3 h* 

1 ->■ o , 1 < t , i , A; < 3 . 



dxidxjdxk dxidxjdxk 
Hence we can get when n — > +oo , 

|Wil(4 n) ) - ^i(^)| -> , |Wii(4 n) ) - ^i(^)| — , 1 < j < 9 
Now we can get 

\ 9j (hP) - 9j (hl)\ 



[F-^aJlyOF-^ajFx) + F~ l (a^W ]2 {h* 2 ) + F^a^i)^!^) + W ? - 1 (^)^- 2 (^)]| 



4™)) +F -l( a T^W.^ 

< |F- 1 (aJ 1 yi)||^ 2 (4 n) ) - ^-2(^)1 + |F- 1 (aJ 2 y 1 )||iy J1 (4 n) ) - w^ji + 

i^-i(4 n) ) - ^i(^)ii^ 2 (4 n) )i + i^i(^)ii^ 2 (4 n) ) - ^-2(^)1 

M 

< [— + Mt, 3 M(Ki)] [ |^. 1 (4"))-T^. 1 (/ l *)| + |^. 2 (4"))- W j2 (h* 2 )\ ] , 

this means that \gj{h^) — gj(h*)\ — > , 1 < j < 9 , when n — > +oo . Hence T is continuous about 
/ii . According to the Schauder fixed-point theorem we can learn that if m{K\) is small enough and 
C > 2Ci , then there exist h\ € Qc j such that /ii = g(h±) . And V j , 1 < j 1 < 9 , from 

= F-VJi*i)^~VJ 2 *i) + F^Ji*!)™^) + F~ 1 (aj 2 Yi )Wji(h 2 ) + W jX (h 2 )W j2 ih 2 ) , 

where /i 2 = /i 2 / K ; G C x % T] f] C°°(Ki) , and Wji{h 2 ) , W i2 (/i 2 ) , 1 < j < 9 , are the functions to 
do the partial derivation with the components of h 2 no more than the third order and their linear 
combination, moreover only do the partial derivation with the variables x± , x 2 , x 3 . And the 
components of F~ 1 (aJ 1 Y"i) , F~ 1 (aJ 2 Y\) , 1 < j < 9 , are all in the H[F~ 1 (Y\)] , moreover 

HiF-^Yx)} = H[F~ 1 (Yi)]Ik' 1 € C\K[) . 
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This means that gj{h\) G C 1 (-fCj) , 1 < j < 9 , hence the fixed-point 

hi=g(h 1 ) = (g j (h 1 )) 9xl eC 1 (K' 1 ) . 

At last if we let Z\ = F(h\) , where h\ is the fixed-point of g{h\) , then Z\ G 2 1 and Zi is the 
fixed point of f{Z\) . This is also to say that the smoothing solution of the Navier-Stokes equations 
is exist, and we can get the following. 

Ul = e \z = eJ[F- 1 (Y 1 + A 1 (r ] )Z 1 )]=w 17 + w 27 

d 2 F 21 d 2 F 31 d 2 F 11 d 2 F u d 2 h 31 d 2 h 31 d 2 h 32 d 2 h 33 

' ~\~ 7: S 7TS 7T^~+ ^T^- + 



"2 



dx\dx 2 dx\dx 3 dx\ dx\ dx\ dx 2 dx\dx 2 dx\dx 3 ' 
$Z = e^[F~ 1 {Y 1 + AifajZi)] = w m + W211 

9 2 f 31 a 2 F 21 5 2 f 21 a 2 /i 32 d 2 /i 32 a 2 ^! a 2 /^ 

■+ t: — s ^ ^5-+ ^r^5- + 



dx\dx 2 dx 2 dx 3 dx\ dx 2 dx\ dx 2 dx\dx 2 dx 2 dx 3 ' 
u 3 = e?iZ = efjF-^Fi + A 1 (r ] )Z 1 )} = w 115 + w 215 

d 2 F u d 2 F 21 d 2 F 31 d 2 F 31 d 2 h 33 d 2 h 33 d 2 h 31 d 3 h 32 

' ~t~ t: = ^5 r^+-r^ + 



where 



dxidx 3 dx 2 dx 3 dx 2 dx\ dx\ dx 2 dx\dx 3 dx 2 dx 3 ' 
p = ef 6 Z = el & [F~ 1 {Y 1 + Ai(t/)Zi)] = w n e + w 2W 

1 8F n 8F 21 8F 31 8 2 F n 8 2 F 21 8 2 F 31 

1 ( d 2 /l 3 l | 9 2 /l 3 2 | 9 2 fe 33 ) (l 0Ah 31 | OA/132 | gAfc33 

r dtdx\ dtdx 2 dtdx 3 r dx\ dx 2 dx 3 ' 



u(t,M ) = [ hl t,M dx 1 dx 2 dx s , and M = (xi,x 2 ,x 3 ) , M = (x 10 , x 20 , x 30 ) 

47r JKt r MM 

h 2 {t,M) = {——y / — e *ec*-n) dyidy 2 dy 3 dn , 

^31 = h 21 + /l 22 + /l23 , ^32 = h 24 + ^25 + ^26 , ^33 = h 27 + /l 28 + h 29 , 

1 \3 f l f F jv (ri,y 1 ,y 2 ,y 3 ) ^_ ^i-«i) 2 +^2-_«2)^+(^-« 3 ) 2 



F jl {t,M) = {——) 6 / J ; ; - e • «"(t-n) d yi dy 2 dy 3 dTi , 

^y/W Jo Jb? (V* - r i) 

F jv (t,M ) = ~ [ Fj ^ M ^ d Xl dx 2 dx 3 , 1 < i < 3 , 

and /ii is the fixed-point of <?(/ii) , where = (<?j(/ii))9xi , and 

^(/ii) = F-^aJiyijF-^aJayi) + F~ VJi^tMM + F~ Vj2*i)^i(M + W n (h 2 )W j2 (h 2 ) , 

1 < J < 9 • And because Zi = F{h\) £ Q 2 , we can get 

Uj G C 2 [0, T] f| C 00 ^) , 1 < i < 3 , p G C^O, T] P C 00 ^) . 

In order to prove the fixed-point is unique, we need to prove the mapping T : hi g{h\) is a 
contractive mapping. V /ii , h[ G , we can get the following. 

M 

| 5i (h0 - ^-(/Oi < [— + m t , 3 M(i^i)] [ |w>i(/i 2 ) - tM^)! + 1^2(^2) - w j2 (h' 2 )\ } , 
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where 

v'(t,M ) = --3- f hl ^^- dx 1 dx 2 dx 3 , and M = (x 1 ,x 2 ,x 3 ) , M = (xi , x 20 , x 30 ) , 
4?r Jk 1 r MM 

h 2 (t,M) = {——y / — e dyidy 2 dy 3 dn . 

And from the lemma 3.1 , corollary 3.2 , lemma 3.2 , corollary 3.3 , corollary 3.4 , we can get 

M T 3 M(Ki) 

\W,i(h 2 ) - WflQtil < — \h - h[\ , 1 < j < 9 , 1 < I < 2 . 

Hence we can get 

M 2M T 3 M(Ki) 
Igifa) - gj (h[)\ < [— + M T , 3 M(if!)] ' M - feil , 1 < j < 9 . 

The mapping T is a contractive mapping if the following is true, 

M 2M T 3 M(Ki) 

[ T + M T , 3 M{K X )] '— < 1 . (3.9) 

We know (3.9) will be true if m{K\) is small enough. 

Hence the fixed point of g(h\) is exist and unique, if m{K\) is small enough, (3.8) and (3.9) are true. 
This is also to say that the smoothing solution of the Navier-Stokes equations is exist and unique. 
At the end, if m{K\) is not small enough, (3.8) and (3.9) are not true, at this time, we do the 
decomposition to K\ as follows. 

n 

Ki = (J K Xi , M{K U ) satisfies (3.8) and (3.9) , and f] = , i^j, 
i=i 

moreover dKu satisfies the exterior ball condition, where is the interior of Ku , 1 < i < n , and 

If 1 

M(Ku) = max — / dx\dx 2 dx 3 , 1 < i < n . 

M eK u 4tt J Ki . r M M 

We know on the region [0, T] x Ku , 1 < i < n , the smoothing solution of the Navier-Stokes 
equations is exist and unique. We assume the solution are 

UjlKu , 1 < j < 3 , pI Kl , , 1 < i < n , 

then 

n n 

U i = ^2 U 3 Ik u ' 1 - 3 - 3 ' P = ^P^ii ' 
i=l i=l 

is the smoothing solution of the Navier-Stokes equations except the boundary of Ku , 1 < i < n . 
We know their Lebesgue measure are all . Hence the smoothing solution of the Navier-Stokes 
equations is exist and unique except a set whose Lebesgue measure is . 
Finally we say our sincerely thanks to Schauder according to at least two points as following. 
(l)The Schauder fixed-point theorem. 
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(2)If h\ is Holder continuous, dK\ satisfies the exterior ball condition, then the smoothing solution of 
Poisson equation exist. This is also proved by Schauder, and it leads to that the Newtonian potential 

-If h x 

/ dxidxidxs 

4vr J Kl r M M 

is a solution of Poisson equation. 

Although T is a contractive mapping if K\ is small enough, we can not get immediately the fixed- 
point is exist and unique, the precondition is that hi is Holder continuous. Unless we assume 

-If hi 

V h\ € C(Ki) , — — / dxidx^dx^ , 

4vr J Ki r M M 

is a solution of Poisson equation Av = hi . But this assumption is wrong, we can see the example 
in the chapter 4 of [1]. 

If there is no important help from Schauder, we can not see so far with the Navier-Stokes equations. 
Maybe you will ask why not to do the Laplace transformation with the variable t just as usual. It 
is very difficult to discuss the fixed-point of f(Zi) if we do that. We have tried to do the Laplace 
transformation with the variable t , but we can not discuss the inverse Laplace transformation in 
f(Zi) . This is the reason why we also do the Fourier transformation with the variable t . 
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